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Trace formula in noncommutative Geometry and 
the zeros of the Riemann zeta function 

Alain CONNES 


Abstract We give a spectral interpretation of the critical zeros of the Rie¬ 
mann zeta function as an absorption spectrum, while eventual noncritical ze¬ 
ros appear as resonances. We give a geometric interpretation of the explicit 
formulas of number theory as a trace formula on the noncommutative space 
of Adele classes. This reduces the Riemann hypothesis to the validity of the 
trace formula and eliminates the parameter S of our previous approach. 
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Introduction 

We shall give in this paper a spectral interpretation of the zeros of the 
Riemann zeta f un ction and a geometric framework to which one can transpose 
the ideas of algebraic geometry involving the action of the Frobenins and the 
Lefchetz formnla. The spectral interpretation of the zeros of zeta will be as 
an absorption spectrnm, i.e. as missing spectral lines. All zeros will play a 
role in the spectral side of the trace formnla, bnt while the critical zeros will 
appear per-se, the non critical ones will appear as resonances and enter in the 
trace formnla throngh their harmonic potential with respect to the critical 
line. Thns the spectral side is entirely canonical, and by proving positivity 
of the Weil distribntion, we shall show that its eqnality with the geometric 
side, i.e. the global trace formnla, is eqnivalent to the Riemann Hypothesis 
for all b-f nn otions with Grossencharakter. We shall model onr discnssion on 
the Selberg trace formnla, bnt it differs from the latter in several important 
respects. We shall hrst explain in particnlar why a crncial negative sign in the 
analysis of the statistical flnctnations of the zeros of zeta indicates that the 
spectral interpretation shonld be as an absorption spectrnm, or eqnivalently 
shonld be of a cohomological natnre. As it tnrns ont, the geometric framework 
involves an innocent looking space, the space X of Adele classes, where two 
adeles which belong to the same orbit of the action of GLi{k) {k a global 
held), are considered eqnivalent. The gronp Ck = GLi{A)/GLi{k) of Idele 
classes (which is the class held theory connterpart of the Galois gronp) acts 
by mnltiplication on X. 

Onr hrst preliminary resnlt (theorem 1 of section III) gives a spectral 
interpretation of the critical zeros of zeta and L fnnctions on a global held 
k from the action of the Idele class gronp on a space of sqnare integrable 
fnnctions on the space X — A/k* of Adele classes. Gorollary 2 gives the cor¬ 
responding compntation of the spectral trace. This resnlt is only preliminary 
becanse it reqnires the nse of an nnnatnral parameter h which plays the role 
of a Sobolev exponent and allows to see the absorption spectrnm as a point 
spectrnm. 

Onr second preliminary resnlt is a formal compntation (section VI) of the 
character of the representation of the Idele class gronp on the above I? space. 
This formal compntation gives the Weil distribntion which is the essential 
ingredient of the Riemann-Weil explicit formnla. At this point (which was 
the sitnation in [Go]), the main problems are to give a rigorons meaning to 
the formal trace compntation and to eliminate the un wanted parameter h. 
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These two problems will be solved in the present paper. We hrst prove 
a trace formnla (theorem 3 of section V) for the action of the mnltiplicative 
gronp K* of a local held K on the Hilbert space L‘^{K), and (theorem 4 of 
section VII) a trace formnla for the action of the mnltiplicative gronp Cs of 
Idele classes associated to a hnite set S of places of a global held /c, on the 
Hilbert space of sqnare integrable fnnctions L‘^{Xs), where Xs is the qnotient 
of n,;es by the action of the gronp Og of S-nnits of k. In both cases we 
obtain exactly the terms of the Weil explicit formnlas which belong to the 
hnite set of places. This resnlt is qnite important since the space is highly 
non trivial as soon as the cardinality of S is larger or eqnal to 3. Indeed this 
qnotient space is non type I in the sense on Noncommntative Geometry and 
it is reassnring that the trace formnla continnes to hold there. 

We check in detail (theorem 6 of Appendix H) that the rewriting of the 
Weil explicit formnlas which is predicted by the global trace formnla is correct. 

Finally, we eliminate in section VHI, nsing ideas which are common both 
to the Selberg trace formnla and to the standard explanation of the absorption 
lines in physics, the nnpleasant parameter 6 which appeared as a label of the 
fu n ction spaces of section HI. We write the global trace formnla as an analogne 
of the Selberg trace formnla. The validity of the trace formnla for any hnite 
set of places follows from theorem 4 of section VH, bnt in the global case 
is left open and shown ( Theorem 5 of section VHI) to be eqnivalent to the 
validity of the Riemann Hypothesis for all L fnnctions with Grossencharakter. 
This eqnivalence, together with the plansibility of a direct proof of the trace 
formnla along the lines of theorem 4 (section VH) constitnte the main resnlt 
of this paper. The elimination of the parameter 6 is the main improvement 
of the present paper with respect to [Go]. 

It is an old idea, dne to Polya and Hilbert that in order to nnderstand the 
location of the zeros of the Riemann zeta fnnction, one shonld hnd a Hilbert 
space Ti and an operator D in Ti. whose spectrnm is given by the non trivial 
zeros of the zeta fnnction. The hope then is that snitable selfadjointness 
properties of D (of i {D — i) more precisely) or positivity properties of A = 
D{1 — D) will be easier to handle than the original conjectnre. The main 
reasons why this idea shonld be taken serionsly are hrst the work of A. Selberg 
([Se]) in which a snitable Laplacian A is related in the above way to an 
analogne of the zeta fnnction, and secondly the theoretical ([M][B][KS]) and 
experimental evidence ([0][BG]) on the hnctnations of the spacing between 
consecntive zeros of zeta. The nnmber of zeros of zeta whose imaginary part 
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is less than i? > 0, 


(1) N{E) = ^ of zeros p , 0 < Imp < i? 
has an asymptotic expression ([R]) given by 

(2) N(E) = ^ (log - l) + g + “(1) + ^o,c(E) 

where the oscillatory part of this step fu n ction is 

(3) NosciE) = i Im log C Q + iE^ 

assnming that E is not the imaginary part of a zero and taking for the loga¬ 
rithm the branch which is 0 at -|-cx). 

One shows (cf. [Pat]) that A^osc(-E') is 0(logi?). In the decomposition (2) 
the two terms {N{E)) = N{E) — NosdE) and Nosc{E) play an independent 
role. The hrst one {N{E)) which gives the average density of zeros jnst comes 
from Stirling’s formnla and is perfectly controlled. The second Nosc{E) is 
a manifestation of the randomness of the actnal location of the zeros, and 
to eliminate the role of the density one retnrns to the sitnation of nniform 
density by the transformation 

(4) Xj = {N{Ej)) (Ej the imaginary part of zero of zeta). 

Thns the spacing between two consecntive xj is now 1 in average and the 
only information that remains is in the statistical flnctnation. As it tnrns ont 
([M][0]) these flnctnations are the same as the flnctnations of the eigenvalnes 
of a random hermitian matrix of very large size. 

H. Montgomery [M] proved (assnming RH) a weakening of the following con- 
jectnre (with a,/3 > 0), 


( 5 ) 


Card{(bj) ;i,jel,...,M;Xi-Xje [a,/3]} 



/ sin(7r'u) 
\ TIU 


du 


This law (5) is precisely the same as the correlation between eigenvalues of 
hermitian matrices of the gaussian unitary ensemble ([M]). Moreover, numeri¬ 
cal tests due to A. Odlyzko ([0][BG]) have conhrmed with great precision the 
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behaviour (5) as well as the analoguous behaviour for more than two zeros. In 
[KS], N. Katz and P. Sarnak proved an analogue of the Montgomery-Odlyzko 
law for zeta and Tv-f un ctions of function helds over curves. 

It is thus an excellent motivation to try and hnd a natural pair (Ti, D) 
where naturality should mean for instance that one should not even have to 
dehne the zeta function, let alone its analytic continuation, in order to obtain 
the pair (in order for instance to avoid the joke of dehning Ti. as the space 
built on the zeros of zeta). 


I Quantum chaos and the hypothetical Riemann flow 

Let us hrst describe following [B] the direct atempt to construct the Polya- 
Hilbert space from quantization of a classical dynamical system. The original 
motivation for the theory of random matrices comes from quantum mechanics. 
In this theory the quantization of the classical dynamical system given by 
the phase space X and hamiltonian h gives rise to a Hilbert space and a 
selfadjoint operator H whose spectrum is the essential physical observable of 
the system. For complicated systems the only useful information about this 
spectrum is that, while the average part of the counting function, 

(1) N{E) = # eigenvalues of H in [0, E] 

is computed by a semiclassical approximation mainly as a volume in phase 
space, the oscillatory part, 

(2) iVosc(^) = N{E) - {N{E)) 

is the same as for a random matrix, governed by the statistic dictated by the 
symmetries of the system. 

In the absence of a magnetic held, i.e. for a classical hamiltonian of the form, 

(3) h=^p‘^ + V{q) 

2m 

where K is a real-valued potential on conhguration space, there is a natural 
symmetry of classical phase space, called time reversal symmetry, 

(4) T{p,q) ^ {-p,q) 
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which preserves h, and entails that the correct ensemble on the random matri¬ 
ces is not the above GUE bnt rather the ganssian orthogonal ensemble: GOE. 
Thns the oscillatory part Nosc{E) behaves in the same way as for a random 
real symmetric matrix. 

Of conrse H is jnst a specihc operator in 7i and, in order that it behaves gener- 
ically it is necessary (cf. [B]) that the classical hamiltonian system {X, h) be 
chaotic with isolated periodic orbits whose instability exponents (i.e. the log¬ 
arithm of the eigenvalnes of the Poincare retnrn map acting on the transverse 
space to the orbits) are different from 0. 

One can then ([B]) write down an asymptotic semiclassical approximation to 
the oscillatory fnnction A^osc(-E') 

1 /■“ 

(5) Nosc{E) — — Im Trace(i7 — {E + i'r]))~^ idrj 

TT Jo 

nsing the stationary phase approximation of the corresponding fnnctional in¬ 
tegral. For a system whose conhgnration space is 2-dimensional, this gives 

(PI (15)). 


(S) 




TT 


EE 

7p m=l 


1 1 
m 2sh 


sm{Spm{E)) 


where the 7 p are the primitive periodic orbits, the label m corresponds to 
the nnmber of traversals of this orbit, while the corresponding instability 
exponents are ±Ap. The phase Spui{E) is np to a constant eqnal to mET^ 
where Tjj" is the period of the primitive orbit 7 p. 

The formnla (6) gives very precions information ([B]) on the hypothetical 
“Riemann flow” whose qnantization shonld prodnce the Polya-Hilbert space. 
The point is that the Enler prodnct formnla for the zeta fnnction yields (cf. 
[B]) a similar asymptotic formnla for NosdE) (3), 


(7) 


iVosc(^) ^ 


vEE 

p m=l 


1 1 
m 


sin (m E log p). 


Gomparing (6) and (7) gives the following information, 

(A) The periodic primitive orbits shonld be labelled by the prime nnmbers 
p = 2,3, 5,7,..., their periods shonld be the logp and their instability 
exponents Xp = ±logp. 
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Moreover, since each orbit is only co un ted once, the Riemann flow shonld not 
possess the symmetry T of (4) whose effect wonld be to dnplicate the connt 
of orbits. This last point exclndes in particnlar the geodesic flows since they 
have the time reversal symmetry T. Thns we get 

(B) The Riemann flow cannot satisfy time reversal symmetry. 

However there are two important mismatches (cf. [B]) between the two for- 
mnlas (6) and (7). The first one is the overall minus sign in front of formnla 
(7), the second one is that thongh 2sh ~ pm-/2 m —cx), we do 

not have an eqnality for finite valnes of m. 

These are two fnndamental difflcnlties and in order to overcome them we shall 
nse the well known strategy of extending the problem to the case of arbitrary 
global fields. By specialising to the f un ction held case we shall then obtain 
additional precions information. 


II Algebraic Geometry and global fields of non zero characteristic 

The basic properties of the Riemann zeta f un ction extend to zeta fnnc- 
tions associated to an arbitrary global held, and it is nnliqnely that one can 
settle the problem of the spectral interpretation of the zeros, let alone And the 
Riemann flow, for the particnlar case of the global held Q of rational nnmbers 
withont at the same time settling these problems for all global fields. The 
conceptnal definition of snch fields /c, is the following: 

A field k is a global field iff it is discrete and cocompact in a (non discrete) 
locally compact semisimple abelian ring A. 

As it tnrns ont A then depends fnnctorially on k and is called the Adele 
ring of /c, often denoted by kA- Thns thongh the held k itself has no interesting 
topology, there is a canonical and highly non trivial topological ring which 
is canonically associated to k. When the characteristic p of a global held k 
is > 0, the held k is the f un ction held of a non singnlar algebraic cnrve E 
defined over a finite held inclnded in k as its maximal finite snbfleld, called 
the held of constants. One can then apply the ideas of algebraic geometry, 
first developed over C, to the geometry of the cnrve E and obtain a geometric 
interpretation of the basic properties of the zeta fnnction of k; the dictionary 
contains in particnlar the following lines 
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Spectral interpretation of 
the zeros 

Fnnctional eqnation 

( 1 ) 

Explicit formnlas of 
nnmber theory 

Riemann hypothesis 


Eigenvalnes of action 
of Frobenins on £-adic cohomology 

Riemann Roch theorem 
(Poincare dnality) 

Lefchetz formnla 
for the Frobenins 

Castelnnovo positivity 


Since is not algebraically closed, the points of E dehned over do not 
snffice and one needs to consider E, the points of E on the algebraic closnre F^ 
of Fg, which is obtained by adjoining to F^ the roots of nnity of order prime to 
q. This set of points is a conntable nnion of periodic orbits nnder the action 
of the Frobenins antomorphism, these orbits are parametrized by the set of 
places of k and their periods are indeed given by the analognes of the logp 
of (A). Being a co un table set it does not qnalify for analogne of the Riemann 
flow and it only aqnires an interesting strnctnre from algebraic geometry. 
The minns sign which was problematic in the above discnssion admits here a 
beantifnl resolntion since the analogne of the Polya-Hilbert space is given, if 
one replaces C by the held of Aadic nnmbers £ ^ p, by the cohomology 
gronp 

( 2 ) 

which appears with an overall minns sign in the Lefchetz formnla 
(3) E 

ip{x)=x 


For the general case this snggests 

(C) The Polya-Hilbert space Ti shonld appear from its negative ©Ti. 

In other words, the spectral interpretation of the zeros of the Riemann zeta 
fnnction shonld be as an absorption spectrnm rather than as an emission 
spectrnm, to borrow the langnage of spectroscopy. 

The next thing that one learns from this excnrsion in characteristic p > 0 
is that in that case one is not dealing with a flow bnt rather with a single 



transformation. In fact taking advantage of abelian covers of E and of the 
fnndamental isomorphism of class held theory one hnds that the natnral gronp 
that shonld replace M for the general Riemann how is the Idele class gronp: 

(D) Ck = GUiA)/k*. 

We can thns collect the information (A) (B) (C) (D) that we have obtained 
so far and look for the Riemann how as an action of Ck on an hypothetical 
space X. 


Ill Spectral interpretation of critical zeros 

There is a third approach to the problem of the zeros of the Riemann zeta 
fnnction, dne to G. Polya [P] and M. Kac [K] and pnrsned fnrther in [J] [BC]. It 
is based on statistical mechanics and the constrnction of a qnantnm statistical 
system whose partition function is the Riemann zeta fnnction. Snch a system 
was natnrally constrncted in [BC] and it does indicate nsing the hrst line 
of the dictionary of Noncommntative Geometry (namely the correspondence 
between qnotient spaces and noncommntative algebras) what the space X 
shonld be in general: 

(1) W = A/k* 

namely the qnotient of the space A of adeles, A = kA^y the action of the 
mnltiplicative gronp /c*, 

( 2 ) aEA^qEk*^aqEA. 

This space X already appears in a very implicit manner in the work of Tate 
and Iwasawa on the fnnctional eqnation. It is a noncommntative space in that, 
even at the level of measnre theory, it is a tricky qnotient space. For instance 
at the measnre theory level, the corresponding von Nenmann algebra, 

(3) Rqi = L’^{A)>^k* 

where A is endowed with its Haar measnre as an additive gronp, is the hy- 
perhnite factor of type IIoo ■ 

The idele class gronp Ck acts on X by 

(4) (j, a) ^ ja W j e Ck , a e X 
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and it was exactly necessary to divide A by k* so that (4) makes good sense. 

We shall come back later to the analogy between the action of Ck on Rqi and 
the action of the Galois gronp of the maximal abelian extension of k. 

What we shall do now is to constrnct the Hilbert space of fnnctions on X 
with growth indexed by h > 1. Since W is a qnotient space we shall hrst learn 
in the nsnal manifold case how to obtain the Hilbert space LF‘{M) of sqnare 
integrable fnnctions on a manifold M by working only on the nniversal cover 
M with the action of F = 7ri(M). Every fnnction / G C^{M) gives rise to a 
fu n ction / on M by 


(5) 


/(^) = 

it{x)=x 


and all g G C°°{M) appear in this way. Moreover, one can write the Hilbert 
space inner prodnct fi{x) f 2 {x) dx, in terms of fi and /2 alone. Thns 


= I E^er /(7^ 


dx where the integral is performed on a fnndamental 


domain for F acting on M. This formnla dehnes a prehilbert space norm on 
C^{M) and L‘^{M) is jnst the completion of C^{M) for that norm. Note 
that any fnnction of the form / — /-y has vanishing norm and hence disappears 
in the process of completion. In onr case of W = A/k* we thns need to dehne 
the analognons norm on the Brnhat-Schwartz space 5(H) of fnnctions on A 
(cf Appendix I for the general dehnition of the Brnhat-Schwartz space). Since 
0 is hxed by the action of k* the expression E 7 efc* /(t^) does not make sense 
for X = 0 nnless we reqnire that /(O) = 0. Moreover, when |a:| —> 0, the above 
snms approximate, as Riemann snms, the prodnct of by J f dx for the 
additive Haar measnre, thns we also reqnire f f dx = 0. We can now dehne 
the Hilbert space L‘g{X)o as the completion of the codimension 2 snbspace 


( 6 ) 


5(H)o 


{/ G 5(H) ; /(O) = 0 , 


J f dx = 0} 


for the norm || given by 



where the integral is performed on A* jk* and d*x is the mnltiplicative Haar 
measnre on A* jk*. The ngly term (1 -|- log^ |a:|)'^/^ is there to control the 
growth of the fnnctions on the non compact qnotient. We shall see how to 
remove it later in section VH. Note that \qx\ = |a:| for any q G k*. 
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The key point is that we use the measure |a:| d*x instead of the additive Haar 
measure dx. Of course for a local held K one has dx = |a:| d*x but this fails 
in the above global situation. Instead one has, 

(8) dx = \im. e \x\^^^ d*X . 

One has a natural representation of Ck on L‘g{X)o given by 

(9) {U{j) /) (rr) = f{j~^x) ^x E A , j E Ck 

and the result is independent of the choice of a lift of j in Jk = GLi(A) 
because the functions f — fq are in the kernel of the norm. The conditions 
(6) which dehne iS(A)o are invariant under the action of Ck and give the 
following action of Ck on the 2-dimensional supplement of iS(A)o C ‘5(A); 
this supplement is C © C(l) where C is the trivial Ck module (corresponding 
to /(O)) while the Tate twist C(l) is the module 

(10) (j,A)^|j|A 

coming from the equality 

(11) j f{j~^ x)dx=\j\ j f{x)dx. 

In order to analyse the representation (9) of Ck on L'^{X)o we shall relate it 
to the left regular representation of the group Ck on the Hilbert space L‘g{Ck) 
obtained from the following Hilbert space square norm on functions, 

(12) Kfs= [ l«9)iyi + log"|9|)'-'"rf’9 

JCk 

where we have normalized the Haar measure of the multiplicative group (7^, 
with module, 

(13) I I : Gfc ^ M; 
in such a way that (cf. [W3]) 

(14) / d-g ~ log A when A —> +cx). 

J\9\e[i,A] 

The left regular representation V of Ck on Lg{Ck) is 

(15) (G(a)^) (^) = ^(a“^^) Wg.aECk- 
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Note that because of the weight (1 + log^ this representation is not 

unitary but it satishes the growth estimate 

(16) ||1/(^)|| = 0(log|^|)'^/^ when ^ oo 
which follows from the inequality (valid for n, n G M) 

(17) p{u + n) < 2^/^ p{u) p{v) , p{u) = (1 + . 

We let E be the linear isometry from L^(W)o into L‘g{Ck) given by the equality, 

( 18 ) Eif)ig) = \g\y^J2f(^9) ^9 ^ Ck. 

qek* 

By comparing (7) with (12) we see that E is an isometry and the factor 
is dictated by comparing the measures \g\ d*g of (7) with d*g of (12). 

One has E(U{a)f) ( 9 ) = Y,k‘ (U{a)f) {‘Is) = Et* /(<*“'99) = 

|«|‘/ 2 |a-i 9 |i /2 Y,k. /( 90 -'g) = |o|'/yr(o)i5(/)) ( 9 ). 

Thus, 

(19) EU{a) = \a\^/^V{a)E. 

This equivariance shows that the range of E in L‘g{Ck) is a closed invariant 
subspace for the representation V. 

The following theorem and its corollary show that the cokernel Ti = L‘^{Ck)/ 
Im(i7) of the isometry E plays the role of the Polya-Hilbert space. Since 
Im E is invariant under the representation V we let W be the corresponding 
representation of Ck on 77. 

The abelian locally compact group Ck is (non canonically) isomorphic to 
K X N where 

(20) K = {g e Ck ■, | 5 r| = 1} , N = range | | C . 

For number helds one has N = while for helds of non zero characteristic 
~ Z is the subgroup C .(Where g = is the cardinality of the held 
of constants). 

We choose (non canonically) an isomorphism 

(21) Ck^KxN. 
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By construction the representation W satisfies (using (16)), 


(22) ||IV(9)||=0(log|sy/" 

and its restriction to K is unitary. Thus H splits as a canonical direct sum of 
pairwise orthogonal subspaces, 


(23) e n^,n^ = U; w(g)^ = x(g)^,VgeK} 

XEK 


where x runs through the Pontrjagin dual group of K, which is the discrete 
abelian group K of characters of K. Using the non canonical isomorphism 
(21), i.e. the corresponding inclusion N G Ck one can now restrict the rep¬ 
resentation W to any of the sectors When char(/c) > 0, then ~ Z 
and the condition (22) shows that the action of N on is given by a sin¬ 
gle operator with unitary spectrum. (One uses the spectral radius formula 
ISpecrcl = Lim II rc"'!!^/"'.) When Char(/c) = 0, we are dealing with an action 
of M!!j_ ~ M on and the condition (22) shows that this representation is gen¬ 
erated by a closed unbounded operator with purely imaginary spectrum. 
The resolvent R\ = — A)“^ is given, for ReA > 0, by the equality 

r-OO 

(24) Rx= lU^(e")e“^"ds 

Jo 


and for ReA < 0 by. 


(25) 


Rx 



W^{e-^)e^^ds 


while the operator is defined by 


(26) 


=!■“ -('rx(e')-l)C 


Theorem 1. Let x ^ K, 6 > 1, and be as above. Then has 
discrete spectrum, Sp C iM. is the set of imaginary parts of zeros of the 
L function with Grossencharakter x which have real part equal to p G 
Sp H -v^ L (x, I + p) =0 and p G i M, where x is the unique extension of x to 
Ck which is equal to 1 on N. Moreover the multiplicity of p in SpD is equal 
to the largest integer n < ^ n < multiplicity of \ p as a zero of L. 
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Theorem 1 has a similar formulation when the characteristic of k is non 
zero. The following corollary is valid for global helds k of arbitrary charac¬ 
teristic. 

Corollary 2. For any Schwartz function h G S{Ck) the operator W{h) = 
f ^{ 9 ) h{g) d* g in Ft is of trace class, and its trace is given by 

TraceW{h)= ^ Hx, p) 

i-(x4+p)=0 
pei R/JV^ 

where the multiplicity is counted as in Theorem 1 and where the Fourier trans¬ 
form h of h is defined by, 

h{Zp)=[ h{u) x{u) \u\P d* u . 

JCk 


Note that we did not have to dehne the L functions, let alone their 
analytic continuation, before stating the theorem, which shows that the pair 

(27) (n,„DV 
certainly qualihes as a Polya-Hilbert space. 

The case of the Riemann zeta function corresponds to the trivial character 
X = 1 for the global held = Q of rational numbers. 

In general the zeros of the L functions can have multiplicity but one expects 
that for a hxed Grossencharakter y this multiplicity is bounded, so that for 
a large enough value of 5 the spectral multiplicity of D will be the right one. 
When the characteristic of /c is > 0 this is certainly true. 

If we modify the choice of non canonical isomorphism (21) this modihes the 
operator D by 

(28) D' = D-is 
where s G M is determined by the equality 

(29) x'(^) = X(^) FgeCk- 

The coherence of the statement of the theorem is insured by the equality 

(30) L{x , z) = L{x, zi s) V^gC. 
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When the zeros of L have multiplicity and S is large enough the operator 
D is not semisimple and has a non trivial Jordan form (cf. Appendix I). 
This is compatible with the almost unitary condition (22) but not with skew 
symmetry for D. 

The proof of theorem 1, explained in Appendix I, is based on the distribution 
theoretic interpretation by A. Weil [W2] of the idea of Tate and Iwasawa on 
the functional equation. Our construction should be compared with [Bg] and 

IZ]- 

As we expected from (C), the Polya-Hilbert space Ti appears as a cokernel. 
Since we obtain the Hilbert space L^(W)o by imposing two linear conditions 
on 5(A), 

(31) 0-^5(A)o^5(A)4c©C(1)^0 

we shall dehne T^(W) so that it hts in an exact sequence of Cfc-modules 


(32) O^L^(W)o^L^(W) ^C©C(1)-^0. 

We can then use the exact sequence of Cfc-modules 

(33) 0 ^ Lj{X)o ^ Lj{Ck) -^n^O 

together with Corollary 2 to compute in a formal manner what the character 
of the module L‘g{X) should be. Using (32) and (33) we obtain, 

(34) “Trace” {U(h)) = h{0) + h{l) — h{x, p) + oo h{l) 

L{x,p)=o 

Fiep= 


where h{xT p) is dehned by Corollary 2 and 

(35) Uih)= [ U{g)h{g)d*g 

JCk 

while the test function h is in a suitable function space. Note that the trace 
on the left hand side of (34) only makes sense after a suitable regularisation 
since the left regular representation of Ck is not tragable. This situation is 
similar to the one encountered by Atiyah and Bott ([AB]) in their proof of 
the Lefchetz formula. We shall hrst learn how to compute in a formal manner 
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the above trace from the hxed points of the action of Ck on X. In section 
VII, we shall show how to regnlarize the trace and completely eliminate the 
parameter 5. 


IV The distribution trace formula for flows on manifolds 

In order to nnderstand how the left hand side of 111(34) shonld be com- 
pnted we shall hrst give an acconnt of the proof of the nsnal Lefchetz formnla 
by Atiyah-Bott ([AB]) and describe the compntation of the distribntion the¬ 
oretic trace for flows on manifolds, which is a variation on the theme of [AB] 
and is dne to Gnillemin-Sternberg [GSj. We refer to Appendix III for a more 
detailed coordinate independent treatment following [GSj. 

Let ns start with a diffeomorphism (p of a smooth compact manifold M 
and assnme that the graph of (p is transverse to the diagonal in M x M. 
One can then easily dehne and compnte the distribntion theoretic trace of the 
operator U : C^{M) 

( 1 ) m){x) = civ’ix)). 

Indeed let k{x, y) be the Schwartz distribntion on M x M snch that 

(2) {Ui){x) = j k{x,y)i{y)dy, 

The distribntional trace of U is simply 

(3) “Trace” (G) = f k{x,x)dx, 


Near the diagonal and in local coordinates one gets, 
(4) k{x,y) = 5{y - ^{x)) 


where 5 is the Dirac distribntion. 

Since, by hypothesis, the hxed points of ip are isolated, one can compnte 
the trace (3) as a hnite snm ^ and get the contribntion of each hxed 

x,ip{x)=x 

point X G M, ip{x) — x, as 


(5) 


1 

l-p}'{x)\ 
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where (p'{x) is the Jacobian of (p and |A| = | det A|. One jnst nses the invert- 
ibility of id — p'{x) to change variables in the integral, 

(6) j S{y-p{y))dy. 

One thns gets (cf. [AB]), 

(7) “W(t/)= 5: 

x,(p{x) = x 

This compntation immediately extends to the action of p on sections of 
an eqnivariant vector bnndle E snch as the bnndle a^T* whose sections, 
E) are the smooth forms of degree k. The alternate snm of the cor¬ 
responding distribntion theoretic traces is the ordinary trace of the action of 
p on the de Rham cohomology, thns yielding the nsnal Lefchetz formnla, 

(8) Trace = E sign det(l — p'[x)). 

Lp{x)=X 

Let ns refer to the appendix for more pedantic notations which show that the 
distribntion theoretic trace is coordinate independent. 

We shall now write down the analogne of formnla (7) in the case of a flow 
Et = exp(tn) of diffeomorphisms of M, where v G T) is a vector held 

on M. We get a one parameter gronp of operators acting on 


(9) {UtOix)=aFtix)) veeC'“(M), xeM,teR, 
and we need the formnla for, 

(10) p{h) = “Trace” ( [ h(t) Utdt] , h e ^“(M), h{0) = 0. 


The condition h{0) = 0 is reqnired becanse we cannot expect that the identity 
map To is transverse to the diagonal. In order to dehne p as a distribntion 
evalnated on the test f un ction h, we let / be the following map. 


(11) f: X = MxR^Y = M, f{x, t) = Et{x). 

The graph of / is the snbmanifold Z oi X xY, 


( 12 ) 


Z = {{x,t,y) ; y = Et{x)} . 
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One lets be the diagonal map, 

(13) (p(a:, t) — {x,t,x) , p-.Mx'K^XxY 

and one assnmes the transversality ontside M x (0). 

let r be the distribntion, 

(14) T = p*{5{y - Ft{x))dy), 
and q be the second projection, 


(15) 


q{x, t) — t E M., 


then by dehnition p is the pnshforward (J*(t) of the distribntion r. 

One checks (cf. Appendix III) that q^ij) is a generalized fnnction. 

Exactly as in the case of a single transformation, the contribntions to 
(10) will come from the hxed points of E). The latter will come either from 
a zero of the vector held n, (i.e. x E M snch that = 0) or from a periodic 
orbit 7 of the how and we call the length of snch a periodic orbit. Under 
the above transversality hypothesis the formnla for (10) is (cf. [GS], [G] and 
the Appendix III), 


(16) 


X^Vx =0 


“Trace” 
h{t) 


h{t) Utdt] = 


|1 - (Ft), 




where in the second snm 7 is a periodic orbit with length and T 
varies in while (TV/)* is the Poincare retnrn map, i.e. the restriction of 
the tangent map to the transversal of the orbit. 

One can rewrite (16) in a better way as, 

(17) “Trace” ( f h{t)Utdt\ = ^ j . dTu, 

^ J ly I uj^\ 

where the zeros x E M, Vx = 0, are considered also as periodic orbits 7 , while 
/.y C M is the isotopy snbgronp of any a: G 7 , and d*u is the nniqne Haar 
measnre in snch that the covolnme of is eqnal to 1 , i.e. snch that for 
the nniqne Haar measnre dp. of total mass 1 on R// and any / G G“(R), 


(18) 



f{u + s) d*u 


dp{s ), 
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Also we still write (-F^)* for the restriction of the tangent map to Fu to 
the transverse space of the orbits. 

To nnderstand what looks like at a zero of v we can replace v{x) for x 

near xq by its tangent map. For simplicity we take the one dimensional case, 
with v{x) — X acting on M = M. 

One has Ft{x) — e* x . Since Ft is linear the tangent map (Ft)* is 

(19) (Ft)* = e* 
and (12) becomes 

(20) “Trace” h{t)Utd?j = j , 

Thns for this flow the distribntion trace formnla is 

(21) “Trace” iUih)) = [ d*u 

J \^-u\ 

where we nsed the mnltiplicative notation so that acts on M by mnltipli- 
cation,while U{h) = f U(v)h(v) d*v and d*v is the haar measnre of the gronp 



One can treat in a similar way the action, by mnltiplication, of the gronp 
of non zero complex nnmbers on the manifold C. 

We shall now investigate the more general case of an arbitrary local held. 


V The action (A, x) —Ax of K* on a local field K. 

We let FT be a local held and consider the map, 

(1) f :K xK* , f{x, X) = Xx 
together with the diagonal map, 

(2) ip: K X K* ^ K X K* X K , ifi{x,X) ^ {x,X,x) 
as in IV (11) and (12) above. 

When K is Archimedian we are in the framework of manifolds and we can 
associate to / a h-section with snpport Z = Graph (/), 

(3) Sz = S{y -Xx)dy. 
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Using the projection q{x, A) = A from K x K* to K* we then consider as 
above the generalized fnnction on K* given by, 

(4) q*i^*Sz). 


The formal compntation of this generalized f un ction of A is 


jn.-X.)dr. 


h((l — A)a:) dx 


6{v)d{{l-xr'y) 


= |1-A| ' J d{y)dy = \1 - X\ 

We want to jnstify it by compnting the convolntion of the Fonrier transforms 
of 5{x — y) and 5{y — \x) since this is the correct way of dehning the prodnct 
of two distribntions in this local context . Let ns hrst compnte the Fonrier 
transform of 5{ax-\-hy) where (a, h) G K‘^{^ 0). The pairing between and 
its dnal is given by 

(5) {{x,y),{i,ri)) = a{xi + yri) eU{l). 

where a is a hxed nontrivial character of the additive gronp K. 

Let (c, d) G be snch that ad — be = 1 and consider the linear invertible 
transformation of 


( 6 ) 



X 


a b 


X 

L 

y. 

— 

c d 


y. 


The Fonrier transform of (p o L is given by 


(7) 


((p o L)^ = I det L| ^ (f o (L . 


Here one has detL = 1 and (L is 


( 8 ) 




d —c 
—b a 


One hrst compntes the Fonrier transform of S{x), the additive Haar measnre 
dx is normalized so as to be selfdnal, and in one variable d{x) and 1 are Fonrier 
transforms of each other, thns 

(9) (501)^ = 105. 
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Using (7) one gets that the Fonrier transform of d{ax + by) is + arj). 

Thns we have to compnte the convolntion of the two generalized fnnctions, 
+ 7]) and + Xrj). Now 


fitv)Si^ + v)d^dr] = / fiC,-C)dC 


and 


+ Xv)dCdr] = / /(-Ary, ry) dry 


thns we are dealing with two measnres carried respectively by two distinct 
lines. Their convolntion evalnated on / G C'“(iF^) is f f{a+(3) dii{a) du{l3) — 
11 f{{t-0 + i->^V,v))dC dr] = / //(^-Ary,-^ + ry)d^dry = (^J J f{^',v') 

d^' drj''] x\J\~^ where J is the determinant of the matrix ^ ^ 


so that 


'e' 

ry' 

generalized 

fnnction 


= J 


1 1 I L, 

One has J — 1 — X and thns the convolntion of the 


unctions S{^ + ry) and S{^ + Ary) gives as expected the constant 


(10) |l-Ar^l. 

Correspondingly, the product of the distribution 5{x — y) and 5{y — Xx) gives 
|1 — A|“^ ho so that, 

(11) f 5{x — y) 5{y — Xx) dx dy — \1 — X\~^. 


In this local case the Fourier transform alone was sufficient to make sense of 
the relevant product of distributions. In fact this would continue to make 
sense if we replace d{y — Ax) by J h{X~^) 5{y — Xx)d* X where h{l) = 0 . 

We shall now treat in detail the more delicate general case where h{l) is 
arbitrary. 

We shall prove a precise general result (theorem 3) which handles the lack 
of transversality when h{l) ^ 0. We deal directly with the following operator 
in L2(iF), 

(12) U{h) = j h{X)U{X)d*X, 
where the scaling operator U{X) is dehned by 

(13) (U(A)e)(x) = e(A-'x) VxeiF 
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and where the multiplicative Haar measure d*X is normalized by, 

(14) / (i*A ~ log A when A ^ oo. 

i|A|6[l,A] 

To understand the “trace” of U{h) we shall proceed as in the Selberg trace 
formula ([Se]) and use a cutoff. For this we use the orthogonal projection P\ 
onto the subspace, 

(15) PK = {ieL^{K)- i{x) = Q Va:,|a:|>A}. 

Thus, Pa is the multiplication operator by the function pA, where = 

1 if |a:| < A, and p{x) = 0 for |a:| > A. This gives an infrared cutoff and to get 
an ultraviolet cutoff we use P\ = FPjyF~^ where F is the Fourier transform 
(which depends upon the basic character a). We let 

(16) R\ = P\P\. 


The main result of this section is then. 

Theorem 3. Let K be a local field with basic character a. Leth G S{K*) have 
compact support. Then R\U{h) is a trace class operator and when A —> oo, 
one has 


Trace (Pa U{h)) 


2h{l) log' A + 



d* u + o(l) 


where 2 log'A = d*X, and the principal value f' is uniquely 

determined by the pairing with the unique distribution on K which agrees with 
for u 1 and whose Fourier transform vanishes at 1. 

Proof. We normalize as above the additive Haar measure to be the selfdual 
one on K. Let the constant p > 0 be determined by the equality, 

(17) [ - r\j p log A when A —> cx). 

il<|A|<A |a| 


SO that d*X = p Let L be the unique distribution, extension of p ^ \ -^-u\ 

whose Fourier transform vanishes at 1, L{1) = 0. One then has by dehnition. 


(18) 



h{u ^)\ 

1^1 / 


22 



where ^ = 0 for w ^ outside the support of h. 

Let T = U{h). We can write the Schwartz kernel of T as, 


(19) 


k{x,y) = I h{X 5{y — Xx) d*X . 


Given any such kernel k we introduce its symbol, 


( 20 ) 


cT(a:,^) = / k{xj X + u) a{u^) du 


as its partial Fourier transform. The Schwartz kernel r\{x, y) of the transpose 
R\ is given by. 


( 21 ) 


riix, y) = pk{x) (pa) {x - y). 


Thus, the symbol a\ of R\ is simply. 


( 22 ) 


f^A(a;,^) = piv{x) pa(6 . 


The operator R\ is of trace class and one has. 


(23) 


Trace (i?A T") = / k{x,y) r\{x,y) dx dy. 


Using the Parseval formula we thus get. 


(24) 


Trace {R\ T) 


>I<A,|?|<A 


a(a;, ^) dx d^. 


Now the symbol a of T is given by. 


(25) a(a;,^) 


d{x + u — Xx) a(u^) du] d*X. 


One has, 
(26) 


J 5{x + u — Xx) a{u^) du = a((A — 1) x^) , 


thus (25) gives. 


( 27 ) 


^ [ giX)a{XxC)dX 

Jk 
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where, 


(28) (/(A) —/i((A + 1) ^)|A + 1| 

Since h is smooth with compact support on K* the function g belongs to 
C^{K). 

Thus = p~^g{x^) and, 

(29) Trace (i?A T) = / g{x^)dxd^. 

J\x\<A,\^\<A 

With u — x^ one has dx d^ = du^ and, for Iwl < A^, 

f fiiT 

(30) p~^ / —— = 2 log'A — log Iwl 

2 l^<|x|<A 1^1 

(using the precise dehnition of log'A to handle the boundary terms). Thus 
we can rewrite (29) as. 


(31) Trace(i?AT)= / ^(w) (2 log'A — log Iwl) dn. 

J\u\<A‘^ 

Since g G C^{K) one has, 

(32) [ \g{u)\du = 0{A-^) WN 
J\u\>A2 

and similarly for \'g{u) log|'u||. Thus 

(33) Trace (i?Ad") = 2 ( 7 ( 0 ) log'A — ^ g{u) log|'u|d'u +o(l). 

Now for any local held K and basic character a, if we take for the Haar 
measure da the selfdual one, the Fourier transform of the distribution <f{u) = 
— log In.I is given outside 0 by 

(34) ^(a) = ^ , 

|a| 

with p determined by (17). To see this one lets P be the distribution on K 
given by. 


(35) 


P(f) = lim 

eGMod(K) 


f{x) d*x + f{0) logs 


\x\>e 
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One has P{fa) = P{f) ~^og |a| /(O) which is enough to show that the function 
P{x) is equal to — log |a:|+ cst, and (p differs from P by a multiple of 5o- 

Thus the Parseval formula gives, with the convention of theorem 3, 


(36) 


j giu) log \u\du 


1 

P 



Replacing a by A — 1 and applying (28) gives the desired result. | 

We shall show in appendix II that the privileged principal value, which 
depends upon the basic character a, is the same as in Weil’s explicit formulas. 


VI The global case, and the formal trace computation. 

We shall now consider the action of Ck on X and write down the analogue 
of IV (17) for the distribution trace formula. 

Both X and Ck are defined as quotients and we let 


(1) ti:A^X,c: GLi(AI) ^ Ck 

be the corresponding quotient maps. 

As above we consider the graph Z of the action 

(2) f:XxCk^X, f{x,X) = Xx 
and the diagonal map 

(3) If : X X Ck ^ X X Ck X X (f{xj X) — (x. A, x). 

We first investigate the fixed points, i.e. the pairs (x. A) E X xCk 

such that Xx — x. Let x — 7r{x) and A = c(j). Then the equality Xx = x 
means that n{jx) = 7r{x) thus there exists q E k* such that with j = qj, one 
has 


(4) jx — X . 

Recall now that A is the restricted direct product A = 11 ky of the local fields 

res 

ky obtained by completion of k with respect to the place v. The equality (4) 
means that jyXy — Xy, thus, if 5:,; 7 ^ 0 for all v it follows that jy = 1 \/v and 
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j = 1. This shows that the projection of (p fl C'fc\{l} on X is the nnion 
of the hyperplanes 

(5) UHy ; Hy = Ti{Hy ), Hy^{x; = 0} . 

Each Hy is closed in A and is invariant nnder mnltiplication by elements of 
k*. Thns each Hy is a closed snbset of X and one checks that it is the closnre 
of the orbit nnder Ck of any of its generic points 

(6) X, Xy = 0 u = V. 

For any snch point x, the isotropy gronp Ix is the image in Ck of the mnlti- 
plicative gronp /c*, 

(7) 4 = K 

by the map A G /c* —> (1,..., 1, A, 1,...). This map already occnrs in class 
held theory (cf [Wl]) to relate the local Galois theory to the global one. 

Both gronps /c* and Ck are commensnrable to by the modnle homo¬ 
morphism, which is proper with cocompact range, 

(8) G ^ m; . 

Since the restriction to k* of the modnle of Ck is the modnle of /c*, it follows 
that 

(9) Ix is a cocompact snbgronp of Ck ■ 

This allows to normalize the respective Haar measnres in snch a way that the 
covolnme of Ix is 1. This is in fact insnred by the canonical normalisation of 
the Haar measnres of modnlated gronps ([W3 ]), 

(10) / d*g ~ log A when A —> +oo. 

It is important to note that thongh Ix is cocompact in Ck, the orbit of x is 
not closed and one needs to close it, the resnlt being Hy. We shall learn how 
to jnstify this point later in section VII, in the similar sitnation of the action 
of Cs on Xs- We can now in view of the resnlts of the two preceding sections, 
write down the contribntion of each Hy to the distribntional trace; 
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Since is a hyperplane, we can identify the transverse space to 
at X with the qnotient 

( 11 ) = A/H^ = K 

namely the additive gronp of the local held ky. Given j G one has jy = 
1 Vn. 7^ n, and jy = X E k^. The action of j on A is linear and hxes x, thns 
the action on the transverse space Nj; is given by 

(12) (A, a) —Aa 'iaEky. 


We can thns proceed with some faith and write down the contribntion of Hy 
to the distribntional trace in the form, 


(13) 



^(A) 

1-A| 


d*X 


where h is a test fnnction on Ck which vanishes at 1. We now have to take 
care of a discrepancy in notation with the third section (formnla 9), where we 
nsed the symbol U{j) for the operation 


(14) {U{j)f){x) = f{j ^x) 


whereas we nse j in the above discnssion. This amonnts to replace the test 
fnnction h{u) by h{u~^) and we thns obtain as a formal analogne of 111(17) 
the following expression for the distribntional trace 

(15) “Trace” (G(/i)) = ^ ^] d*u. 

„ Jk* 

Now the right-hand side of (15) is, when restricted to the hyperplane h{l) = 0, 
the distribntion obtained by Andre Weil [W3] as the synthesis of the explicit 
formnlas of nnmber theory for all L-fnnctions with Grossencharakter. In par- 
ticnlar we can rewrite it as 


(16) h{0) + h{l)- h{x, p) + oo h{l) 

L{x,p)=0 

where this time the restriction Re(p) = ^ has been eliminated. 

Thns, eqnating (34) of section III and (16) for h{l) = 0 wonld yield the 
desired information on the zeros. Of conrse, this does reqnire hrst eliminating 
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the role of d, and (as in [AB]) to prove that the distribntional trace coincides 
with the ordinary operator theoretic trace on the cokernel of E. This is 
achieved for the nsnal set-np of the Lefchetz hxed point theorem by the nse 
of families. 

A very important property of the right hand side of (15) (and of IV (17) 
in general) is that if the test fnnction h, h{l) = 0 is positive, 

(17) h{u) >0 'i u E Ck 

then the right-hand side is positive. This indicated from the very start that 
in order to obtain the Polya-Hilbert space from the Riemann flow, it is not 
qnantization that shonld be involved bnt simply the passage to the space, 
X —> L‘^{X). Indeed the positivity of IV (17) is typical of permutation ma¬ 
trices rather than of qnantization. This distinction plays a crncial role in the 
above discnssion of the trace formnla, in particular the expected trace formula 
is not a semi-classical formula but a Lefchetz formula in the spirit of [AB]. 

The above discussion is not a rigorous justihcation of this formula. The 
hrst obvious obstacle is that the distributional trace is only formal and to 
give it a rigorous meaning tied up to Hilbert space operators, one needs as 
in section V, to perform a cutoff. The second difficulty comes from the pres¬ 
ence of the parameter h as a label for the Hilbert space, while S does not 
appear in the trace formula. As we shall see in the next two sections the 
cutoff will completely eliminate the role of h, and we shall nevertheless show 
(by proving positivity of the Weil distribution) that the validity of the (h 
independent) trace formula is equivalent to the Riemann Hypothesis for all 
Grossencharakters of k. 


VII Proof of the trace formula in the A-local case. 

In the formal trace computation of section VI, we skiped over the difficul¬ 
ties inherent to the tricky structure of the space X. In order to understand 
how to handle trace formulas on such spaces we shall consider the slightly 
simpler situation which arises when one only considers a hnite set S of places 
of k. As soon as the cardinality of S is larger than 3, the corresponding space 
Xs does share most of the tricky features of the space X. In particular it is 
no longer of type I in the sense of Noncommutative Geometry. 

We shall nevertheless prove a precise general result (theorem 4) which 
shows that the above handling of periodic orbits and of their contribution to 
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the trace is the correct one. It will in particnlar show why the orbit of the 
hxed point 0, or of elements x E A, snch that Xy vanishes for at least two 
places do not contribnte to the trace formnla. 

At the same time, we shall handle as in section V, the lack of transver- 
sality when h{l) 7 ^ 0 . 

Let ns hrst describe the rednced framework for the trace formnla. We 
let k he a, global held and S a hnite set of places of k containing all inhnite 
places. The gronp 0*g of A-nnits is dehned as the snbgronp of /c*, 

( 1 ) Ol = {qek*,\qy\ = l,viS} 

It is cocompact in where, 

(2) Js=n *=» 

vES 

and, 

(3) 4 = {ie^s.lil = i}- 


Thns the qnotient gronp Cs = Js/Og plays the same role as Cfc, and acts on 
the qnotient W 5 of A 5 = by Og. 

To keep in mind a simple example, one can take /c = Q, while S consists 
of the three places 2, 3, and cx). One checks in this example that the topology 
of Xs is not of type I since for instance the gronp Og = {±2"^3"^; n, m G Z} 
acts ergodically on {0} x M C Ag. 

We normalize the mnltiplicative Haar measnre d*X of Cs by. 


(4) / (i*A ~ log A when A —cx), 

J\X\E[1,A] 

and normalize the mnltiplicative Haar measnre d*X of Js so that it agrees 
with the above on a fnndamental domain D for the action of Og on Js- 

There is no difhcnlty in dehning the Hilbert space L‘^{Xs) of sqnare 
integrable fnnctions on Xs- We proceed as in section HI (withont the h), 
and complete (and separate) the Schwartz space ^(Ag) for the pre-Hilbert 
strnctnre given by. 


(5) 




x\ d*x 
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where the integral is performed on Cs or eqnivalently on a fnndamental do¬ 
main D for the action of 0*g on J 5 . To show that (5) makes sense, one proves 
that for / G S{As), the fnnction EQ{f){x) = Xlgeo* /(*?*) bonnded above 
by a power of Log\x\ when |a:| tends to zero. To see this when / is the char¬ 
acteristic fnnction of {x G As, < 1, Vn G S'}, one nses the cocompactness 
of Og in Jg, to replace the snm by an integral. The latter is then comparable 
to, 

( 6 ) f Yldui, 

J Kj Ui = — Log\x\ 

where the index i varies in S. The general case follows. 

The scaling operator U (A) is dehned by, 

(7) (17(A) 0(^) = e(A-'a:) Vx G 

and the same formnla, with x & Xs dehnes its action on L‘^{Xs)- Given a 
smooth compactly snpported fnnction h on Cs, U{h) = f h{g)U{g)dg makes 
sense as an operator acting on L‘^{Xs)- 

We shall now show that the Fonrier transform F on ^(Ag) does extend 
to a nnitary operator on the Hilbert space L‘^{Xs)- 

Lemma 1. a) For any fi G S{As) the series Ylo* h )a of inner 

products in L‘^{As) converges geometrically on the abelian finitely generated 
group Og. Moreover its sum is equal to the inner product of fi and /2 in the 
Hilbert space L‘^{Xs). 

b) Let a = Y\av be a basic character of the additive group As and F 
the corresponding Fourier transformation. The map f F{f), f G S{As) 
extends uniquely to a unitary operator in the Hilbert space L‘^{Xs). 

Proof. The map L : 0*s —^ given by L{u)v = log has a hnite kernel 

and its range is a lattice in the hyperplane H = {(Vv), Xls W = 0}- b)n H one 
has SupsVv > l/2nX) IVvl, where n — card{S). Thns one has the ineqnality, 

( 8 ) Sups\qv\ > exp{d{q, 1) Wq G O 5 
for a snitable word metric d on Og. 

Let Kn = {x E As', < n, Vn G S} and kn be the characteristic 
fnnction of Kn- Let (A„) be a seqnence of rapid decay snch that, 

( 9 ) \fiix)\ c'^Xnknix) WxeAs. 
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One has for a suitable constant c, 


( 10 ) \{kn:U{q ^)kn)\ <cn^{Sups\qv\) ^ 
where m = Card{S). 

Using (9) we thus see that {fi,U{q) f 2 ) decays exponentially on Og. 
Applying Fubini’s theorem yields the equality, 

( 11 ) /|E /(ga:)| \x\d*x 

qeO* O* 

This proves a). To prove b), one just uses (11) and the equalities (F/, F f)^ = 
if, f)^ and F{U(q)f) = U(q-^)F(f). , 

Now exactly as above for the case of local helds (theorem V.3), we need to 
use a cutoff. For this we use the orthogonal projection P\ onto the subspace, 

( 12 ) Fa = {e e L\Xs ); ^((r) = 0 Vx , |a:| > A} . 

Thus, Fa is the multiplication operator by the function pA, where pa{x) = 1 
if |a:| < A, and p{x) = 0 for |a;| > A. This gives an infrared cutoff and to get 
an ultraviolet cutoff we use P\ = FPjyF~^ where F is the Fourier transform 
(lemma 1 ) which depends upon the choice of the basic character a = 

We let 

(13) R\ = P\P\. 

The main result of this section is then. 

Theorem 4. Let Ag be as above, with basic character a = ^ ^ 

‘^(C'g) have compact support. Then when A ^ oo, one has 

Trace (Fa U(/i)) = 2/i(l) log^ A + —|■(i*'u + o(l) 

1 — u\ 

where 21 og^ A = fx^Cs |a|6[a-i a] each k* is embedded in Cg by the map 
u (1,1,..., u, ..., 1) and the principal value f' is uniquely determined by the 
pairing with the unique distribution on k^, which agrees with for u ^ 1 
and whose Fourier transform relative to a^, vanishes at 1. 
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Proof. We normalize as above the additive Haar measure dx to be the selfdual 
one on the abelian group Ag. Let the constant p > 0 be determined by the 
equality, (where the fundamental domain D is as above), 


i\eD, 1<|A|<A 


p log A when K ^ oo . 


so that d*X = p 

We let / be a smooth compactly supported function on Js such that 

(14) ^f{Q9) = h{9) \/9^Cs. 

qeo* 

The existence of such an / follows from the discreteness of in J 5 . We then 
have the equality U(f) = U{h), where 

(15) U{f) = J f(X)U(\)d'X, 

To compute the trace of U{h) acting on functions on the quotient space Xs, 
we shall proceed as in the Selberg trace formula ([Se]). Thus for an operator 
T, acting on functions on A 5 , which commutes with the action of Og and is 
represented by an integral kernel, 

(16) T(0 = j kix,y)ay)dy, 

the trace of its action on L‘^{Xs) is given by. 


Tr{T) = ^ / k{x,qx)d3 


where D is as above a fundamental domain for the action of Og on the subset 
Jg of Ag, whose complement is negligible. Let T = U{f). We can write the 
Schwartz kernel of T as, 

(18) k{x,y) = j - \x)d*\. 

by construction one has. 


k{qx,qy) = k{x,y) q e 0*g. 
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For any q G Og, we shall evaluate the integral, 


(20) ^ 9 =/ k{qx,y)rX{x,y)dydx 

J xED 

where the Schwartz kernel r\{x,y) for the transpose given by, 

(21) r\{x,y) = pA{x){'^){x-y). 

To evaluate the above integral, we let y = a: + a and perform a Fourier 
transform in a. For the Fourier transform in a of r\{x,x + a), one gets. 


( 22 ) 


CTA(l'.f) = Pa(x)Pa(()- 


S(x + a — Xqx) a{a^) da = a{{Xq — 1) x ^), 


For the Fourier transform in a of k{qx, x + a), one gets, 

(23) cr(a:, ^) = / fiX~^) ( [ d{x + a — Xqx) a{a^) da ] d*X. 
One has, 

(24) 

thus (23) gives, 

(25) 
where, 

(26) gq{u) = f{q{u + l)~^)\u + l 


a{x,^) = p / gq{u) a{ux^) du 
Jas 


1-1 


Since / is smooth with compact support on Ag the function gq belongs to 
Or(A5). 

Thus cr(a:,^) = p~^gq{x^) and, using the Parseval formula we get. 


(27) 

This gives, 

(28) 


I,= 


IxED, |a:|<A,|?|<A 


a{x, ^) dx d^. 


Iq = p M gq{xi) dxdi- 

JxeD, |x|<A,|g|<A 
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With u = one has dx = du ^ and, for Iwl < A^, 


(29) 


P 


-1 




dx „, / . , , , 

— =21og A-log|w| 


(nsing the precise dehnition of log^ A to handle the bonndary terms). 
Thns we can rewrite (28) as, 


(30) Trace {Ra T) = 

qeoi 


|<A2 


gq{u) (21og'A-log|w|)dM 


Now log Iwl = lw|, and we shall hrst prove that. 



while for any v ^ S, 



In fact all the snms in q will have only hnitely many non zero terms. It will 
then remain to control the error term, namely to show that. 


(33) 



2 log'A)"*" dn, = 0(A 


for any N, where we nsed the notation x~^ = 0 if a: < 0 and x~^ = a: if a: > 0. 
Now recall that, 

9qiu) = f{q{u + 1)“^) 1^ + 11“^ 

so that / gq{u)du = gq{R) = f{q)- Since / has compact snpport in 
the intersection of 0*g with the snpport of / is hnite and by (14) we get the 
eqnality (31). 

To prove (32), we consider the natnral projection from Ilzes to 
Y\i^v K■ "^tie image pry{Og) is still a discrete snbgronp of Y\i^y kf, (since k* 
is cocompact in Cs), thns there are only hnitely many q G Og snch that k* 
meets the snpport of /g, where fq{a) = f{qa) for all a. 

For each q G Og one has, as in section V, 

(34) [ gq{u) {-log \uy\)du^ [ — ^-d*u, 

J Jk* |l-w| 
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and from what we have just seen, this vanishes except for hnitely many q's, 
so that by (14) we get the equality (32). Let us prove (33). Let e\{u) — 
(log \u\ — 2 log' A) + , and, 

(35) 5q{K)= j gq{u)sA{u)du 
be the error term. We shall prove. 

Lemma 2. For any A the series Xlo* l'^g(^)l converges geometrically on the 
abelian finitely generated group Og. Moreover its sum ct(A) is 0{A~^) for 
any N. 

Proof. Let (cf. (8)), d be a suitable word metric on Og such that, 

(36) Supsfivl > exp{d{q, 1)) Vq G 0*g 

Let f G 5(^5) be dehned by ^(x) = f{x~^)\x~^\ for all x G A*g and 
extended by 0 elsewhere. One has gq{x) = ^(^“^(H-a:)) for all x G As, so that 
dqiu) = f gq(x)a(u x) dx = a(—u)^(qu). Now, hg(A) = f gq(u)sA(u)du = 
f ^(qu)a(-u) SA(u)du = f ^(y) a(-q~^ y) SA(y) dy, since £a(«?'u) = Sa(u) 
for all u. 

Thus we get, using the symbol Fy for the inverse Fourier transform of ry, 
the equality, 

(37) 3,(A) = F{eA^){q-^). 

Let a g] 0, l/2[ and consider the norm, 

(38) 11^11= SupxeAs\F{'n){x) Supslxyl'^l- 

In order to estimate (38), we hx a smooth function on M, equal to 1 in a 
neighborhood of 0 and with support in [—1,1], and introduce the convolution 
operators, 

(39) {Cy,^y*r]){x)= f f^{\e\){v{x + e)-r]{x))-^^ , 
and the norms, 

(40) ll^ll(l,a,^) = *?7||l , 
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where || ||i is the norm. 

The Fourier transform on ky of the distribution Ca,v behaves like \xy\'^ 
for \xy\ oo . Thus, using the equality F{Ca,v * rj) = F{Ca,v) F{r]), and 
the control of the sup norm of F{g) by the norm of we get an inequality 
of the form, 

(41) Sup^(.As\F{v){x) Sups\xy\^\ < Ca^\\v\\(i,c,v)- 

s 

Let us now show that for any rj G and a < 1/2, one has, 

(42) ||£a?7||(i,„,„) =0(A“^), 

for any N. 

One has |(£a(3:^ + £)'gix + e) — eA{x)r]{x)) — eA{x){r]{x + e) — r]{x))\ < 
|(£A(a: + £) - eA{x))\\r]{x + e)\. 

Moreover using the inequality, 

(43) |a+-6+| < |a-6|, 

we see that |(£a(3:^ + s) — £a(3:^))| < I log \xv + s\ — log |a;.y||, for £ G ky. Let 
then, 

(44) A=£log|l + .|^. 

It is hnite for all places v E S provided a < 1/2, and one has, 

f ds 

(45) / V'(|£|)(|log|a:+ £|-loglxll)^^ < c'^|a:r“. 

Jk^ 1^1 

Thus one obtains the inequality, 

(46) \Cc,v *£Ah - £a iCc,v * r])\{x) < cjxy\~°‘ Supeek^,\e\<i \v{x + £)|. 

Since the function \xy\~°^ is locally integrable, for a < 1, one has for g G 
S{As), and any N, 

(47) [ \xy\~°'Sups^k^^\e\<i\vix + e)\dx = 0{A~^), 

Jxa 

where Xa = {y + e; |y| > A, £ G /c^,, |£| < 1 }. 
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Moreover one has for any N, 


(48) \\eA{C^,.*v)\\i= 0{A-^). 

Thns, nsing (46), we obtain the ineqnality (42). 

Taking rj = ^ and nsing (41), we thns get nnmbers 5 a, snch that 5 a = 
0(A“^) for all N and that, 

(49) |T(£Af)5''ups|^c^,|“|| < 5 a VxeAgVA. 

Taking x — q E Og, and nsing (36) and (37), we thns get, 

(50) |(^g(A)| < SAexp{-d{q, 1)) Vq G O 5 , 
which is the desired ineqnality. 


VIII The trace formula in the global case, and elimination of 5. 

The main difhcnlty created by the parameter 5 in Theorem 1 is that the 
formal trace compntation of section VI is independent of 5, and thns cannot 
give in general the expected valne of the trace of theorem 1 , since in the latter 
each critical zero p is cou n ted with a mnltiplicity eqnal to the largest integer 
n < 4^ , n < mnltiplicity of p as a zero of L. In particnlar for L fnnctions 
with mnltiple zeros, the 5-dependence of the spectral side is nontrivial. It is 
also clear that the f un ction space L^(V) artihcially eliminates the non-critical 
zeros by the introdnction of the 5. 

As we shall see, all these problems are eliminated by the cntoff. The latter 
will be performed directly on the Hilbert space LP‘{X) so that the only valne of 
5 that we shall nse is 5 = 0. All zeros will play a role in the spectral side of the 
trace formnla, bnt while the critical zeros will appear per-se, the non critical 
ones will appear as resonances and enter in the trace formnla throngh their 
harmonic potential with respect to the critical line. Thns the spectral side is 
entirely canonical and independent of 5, and by proving positivity of the Weil 
distribntion, we shall show that its eqnality with the geometric side, i.e. the 
global analogne of Theorem 4, is eqnivalent to the Riemann Hypothesis for 
all L-fnnctions with Grossencharakter. 
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The Abelian group A of Adeles of k is its own Pontrjagin dual by means 
of the pairing 

( 1 ) (a, b) — a{ab) 

where a : A ^ U{1) is a nontrivial character which vanishes on k G A. Note 
that such a character is not canonical, but that any two such characters a 
and a are related by /c*, 

( 2 ) a (a) = a{qa) 'ia^ A. 

It follows that the corresponding Fourier transformations on A are related by 

(3) / = /, . 

This is yet another reason why it is natural to mod out by functions of the 
form / — fq, i.e. to consider the quotient space X. 

We £x the additive character a as above, a = Y\(^v and let d be a 
differental idele, 

(4) a{x) = aoi^dx) \/x E A , 

where cto = 11 ^o,v is the product of the local normalized additive characters 
(cf [Wl]). We let So be the hnite set of places where is ramihed. 

We shall hrst concentrate on the case of positive characteristic, i.e. of 
function helds, both because it is technically simpler and also because it allows 
to keep track of the geometric significance of the construction (cf. section II). 

In order to understand how to perform in the global case, the cutoff 
i?A = Pa Pa of section VII, we shall hrst analyze the relative position of the 
pair of projections Pa, Pa when A —> cx). Thus, we let S' D 5'o be a hnite set 
of places of k, large enough so that mod{Cs) = mod{Ck) = and that for 
any fundamental domain D for the action of 0*g on J 5 , the product D xY[Rl 
is a fundamental domain for the action of k* on Jk- 

Both Pa and Pa commute with the decomposition of L'^{Xs) as the direct 
sum of the subspaces, indexed by characters xo of C'sp, 

(5) = {Ce L\Xs ); = xo(a) e(^), Vx G Vs , a G ^ 5 , 1 } 

which corresponds to the projections P^^ = J Xo(®) U (a) di a, where di a is 
the Haar measure of total mass 1 on Csa- 
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Lemma 1. Let xo be a character of Cs,ij then for A large enough P\ and 
Pa commute on the Hilbert space . 

Proof. Let Us be the image in Cs of the open snbgronp H K is a snbgronp 
of hnite index I in Cs,i- Let ns hx a character x of Us and consider the hnite 
direct snm of the Hilbert spaces where xo varies among the characters of 
Cs,i whose restriction to Us is eqnal to x, 

(6) L\Xs)^ - {e e L\Xs ); - x(a) e(^), 'ixeXs^aeUs} 

The corresponding orthogonal projection is U{h^), where h^ G ^(C'g) is snch 
that, 


(7) Suppih^) = Us = Xx{x) 'ix eUs 

and the constant A = l/log{q) corresponds to onr standard normalization of 
the Haar measnre on Cs- Let as in section VII, / G S{Js) with snpport 
n i?* be snch that U{f) = U{h) and let ^ G S{As) be dehned by ^(x) = 
f{x~^)\x~^\ for all X G and extended by 0 elsewhere. 

Since ^ is locally constant, its Fonrier transform has compact snpport 
and the eqnality (37) of section VII shows that for A large enongh one has 
the eqnality, 

(8) Trace (Pa U{h^)) = 2h^{l) log' A + d*u 

ves-^K 1-^ '^1 

With A = one has 2 log' A = {2N + 1) log(q') so that, 

(9) 2/i^(l)log'A = (2V + 1)/ 


The character x of P* is a prodnct, X = YlXv and if one nses the standard 
additive character ao to take the principal valne one has, (cf. [Wl] Appendix 

IV), 


( 10 ) 



Xvju) 
\l-u 


-fviog{qy) 


where /„ is the order of ramihcation of Xv- We thns get. 


( 11 ) 



hxiu ^) 
11-^1 


d*u 


-/„ deg{v) I + I 


log(|4|) 

log(Q) 
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where since we use the additive character we had to 

take into account the shift log(|(i^;|) h^{l) in the principal value. 

Now one has |(i| = H : where g is the genus of the curve. 

Thus we get, 

(12) Trace (Pa Pa U{h^)) = (2iV + 1)/ - / / + (2 - 2g) I 

where / = d,eg{v) is the order of ramihcation of x, he. the degree of 

its conductor. 

Let Pa = hm(PA) fl Im{P\) be the intersection of the ranges of the 
projections Pa and Pa, and B\ be its intersection with L‘^{Xs)x- We shall 
exhibit for each character x of P 5 a vector rj^ G L‘^{Xs)x such that, 

(13) t/(g)(,^)eBA VgeCs.lsl <A,|g-‘| 

while the vectors U{g){rix) are linearly independent for g G P 5 , where Ds is 
the quotient of Cs by the open subgroup Us- 

With A = q^ as above, the number of elements g of Ds such that 
\g\ < A, \g~^\ < K is precisely equal to {2N + 1)/ — / / + (2 — 2g)l, 

which allows to conclude that the projections P\ andPA commute in L‘^{Xs)x 
and that the subspace P^ is the linear span of the U{g){r]x)- 

Let us now construct the vectors rj^ ^ With the notations of 

[Wl] Proposition VIL13, we let, 

(14) r]x= 

s 

be the standard function associated to x = 11 Xu so that for unramihed 
V, (j).u is the characteristic function of Ry, while for ramihed v it vanishes 
outside P* and agrees with Xv ori R*. By construction the support of rj^ 
is contained in P = thus one has U{g){r]x) ^ -^rn(PA) if \g\ < A. 

Similarly by [Wl] Proposition VIL13, we get that U{g){r]x) ^ I'm{P\) as 
soon as |( 7 ~^| < R. This shows that satishes (13) and it remains 

to show that the vectors U{g){r]x) ^re linearly independent for g G Ds- 

Let us start with a non trivial relation of the form, 

(15) “ 

where the norm is taken in L‘^{Xs), (cf. VII. 5). Let then = lls ® 
where P = ^v- Let us assume hrst that x 7 ^ I? then gives an element 
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of L‘^{X)o which is cyclic for the representation U of Ck in the direct snm of 
the snbspaces where xo varies among the characters of Ck,i whose 

restriction to U is eqnal to x- 

Now (15) implies that in L‘j{X)o one has X]~ 0. By the 
cyclicity of one then gets = 0 on any which gives a 

contradiction (cf. Appendix 1 , Lemma 3). 

The proof for x = 1 is similar bnt reqnires more care since Ijj ^ 5o(A). | 

We can thns rewrite Theorem 4 in the case of positive characteristic as, 

Corollary 2. Let Qa be the orthogonal projection on the subspace of L‘^{Xs) 
spanned by the f G S{As) which vanish as well as their Fourier transform for 
I a: I > A. Let h G ^(C'g) have compact support. Then when A. ^ oo, one has 

Trace (Qa L’(h)) = 2/i(l) log^ A + ^-)■ (i*^, + o(l) 

where 21og^ A = fx^Cs |a|6[a-i a] other notations are as in The¬ 

orem Vll.f. 

In fact the proof of le mm a 1 shows that the snbspaces Ba stabilize very 
qnickly, so that the natnral map ^ ^ ® li? from L‘^{Xs) to L‘^{Xg) for 

S C S' maps onto Bf^ . 

We thns get from corollary 2 an A-independent global formnlation of the 
cntoff and of the trace formnla. We let Lf{X) be the Hilbert space L^(W) of 
section III for the trivial valne h = 0 which of conrse eliminates the nnpleasant 
term from the inner prodnct, and we let Qa be the orthogonal projection on 
the snbspace Ba of Lf{X) spanned by the / G 5(A) which vanish as well as 
their Fonrier transform for |a:| > A. As we mentio nn ed earlier, the proof of 
lemma 1 shows that for S and A large enongh (and hxed character x), the 
natnral map ^ ^ ® Ij? from L‘^{Xs)x to L‘^{X)^ maps onto Ba- 

It is thns natnral to expect that the following global analogne of the trace 
formnla of corollary 2 actnally holds, i.e. that when A —> cx), one has. 


(16) Trace (Qa b^(h)) = 2/i(I) log'A + —)-(i*'u + o(I) 

^ Jk* A-u\ 


where 2 log' A = fx^Ck | a | 6 [ a-i a ] other notations are as in The¬ 

orem VIL4. 
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We can prove directly that (16) holds when h is snpported by Ck,i bnt 
are not able to prove (16) directly for arbitrary h (even thongh the right hand 
side of the formnla only contains hnitely many nonzero terms since h G S{Ck) 
has compact snpport). What we shall show however is that the trace formnla 

(16) implies the positivity of the Weil distribntion, and hence the validity of 
RH for k. Remember that we are still in positive characteristic where RH is 
actnally a theorem of A.Weil. It will thns be important to check the actnal 
eqnivalence between the validity of RH and the formnla (16). This is achieved 
by, 

Theorem 5. Let k be a global field of positive characteritic and Q\ be the 
orthogonal projection on the subspace of L‘^{X) spanned by the f G iS(A) such 
that f{x) and f{x) vanish for |a:| > A . Let h G S{Ck) have compact support. 
Then the following conditions are equivalent, 

a) When A — oo, one has 


Trace U(h)) 


2h{l) log' A + 



d*u + o(l) 


b) All L functions with Grossencharakter on k satisfy the Riemann Hy¬ 
pothesis. 

Proof. To prove that a) implies b), we shall prove (assnming a)) the positivity 
of the Weil distribntion (cf. Appendix 2), 

(17) A = log\d-^\di+D-J2Dv. 

V 

First, by theorem III.l applied for h = 0, the map E, 

(18) E{f){g) = \g\^/^ f{qg) Wg e Ck , 

qek* 

dehnes a snrjective isometry from L^(W)o to L‘^{Ck) snch that, 

(19) EU{a) = \a\^/‘^V{a)E, 

where the left regnlar representation V of Ck on L‘^{Ck) is given by, 

(20) (b"(a)0 \/g,aeCk. 
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Let S\ be the subspace of L‘^{Ck) given by, 


(21) Sa = « e L^iCt) ■, m = 0, Vg . Isl i [A-‘, A]} . 

We shall denote by the same letter the corresponding orthogonal projection. 

Let i?A,o be the subspace of LF‘{X)q spanned by the / G iS(A)o such that 
f{x) and f{x) vanish for |a:| > A and Qa^o be the corresponding orthogonal 
projection. Let / G 5(A)o be such that f{x) and f{x) vanish for |a:| > A, 
then E{f) (g) vanishes for \g\ > A, and the equality (Appendix 1), 

(22) £(/)(g) = £(/) Q) /e5(2l)o. 

shows that E{f) (g) vanishes for \g\ < A“^. 

This shows that E{Bxfi) C 5'a, so that if we let Qa.o ~ EQx,oE~^^ we 
get the inequality, 

(23) < ‘^A 

and for any A the following distribution on Ck is of positive type, 

(24) Aa(/) = Wace ((^a - Q'k,o) V{f)), 
i.e. one has, 

(25) AA(/*r)>0, 

where f*{g) = J{g~^) for all g G Ck- 

Let then/(^f) = /i(( 7 “^), so that by (19) one has i?17(h) = V{f)E 

where f{g) = f{g~^) for all g G Ck- By lemma 3 of Appendix 2 one has, 

(26) ^H„(/) - log|d“^| = ^ ] d*u. 

/ iu* -L Xt 

V V V ' ' 

One has Trace (S'a 1^(/)) = 2 /(1) log^ A, thus using a) we see that the limit 
of Aa when A —cx) is the Weil distribution A (cf.(17)). The term D in 
the latter comes from the nuance between the subspaces and i?A,o- This 
shows using (24), that the distribution A is of positive type so that b) holds 

(cf. |W31). 
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Let us now show that b) implies a). We shall compute from the zeros of 
L-functions and independently of any hypothesis the limit of the distributions 
Aa when A — cx). 

We choose (non canonically) an isomorphism 
(27) Ck^Ck,ixN. 

where N = range | | C M!)., A ~ Z is the subgroup q'^ C . 

For p G C we let dnp{z) be the harmonic measure of p with respect to 
the line i M C C. It is a probability measure on the line i M and coincides with 
the Dirac mass at p when p is on the line. 

The implication b)=^a) follows immediately from the explicit formulas 
(Appendix 2) and the following lemma, 


Lemma 3. The limit of the distributions Aa when A ^ (yo is given by, 
Aoo(/)= ^iX:7;+P) [ fiX:Z)dpp{z) 

i-(x4+p)=0 

peS/AT-L 


where B is the open strip B = {p E C;i?e(p) g]^, |[}, A(x, \ + p) is the 
multiplicity of the zero, dpp{z) is the harmonic measure of p with respect to 
the line i M C C, and the Fourier transform f of f is defined by. 


f{x,p)=[ fiu)x{u)\u\^d*u. 

JCk 


Proof. Let A = . The proof of Lemma 1 gives the lower bound {2N + 1) — 

/ + (2 — 2g) for the dimension of i?A,x terms of the order of ramihcation / 
of the character y of Ck,i, where we assume hrst that x ^ 1. We have seen 
moreover that C while the dimension of Sa,x is 2N + 1. 

Now by Lemma 3 of Appendix 1, every element ^ G E{Ba,x) satishes the 
conditions, 

(28) j C{x)x{x)\x\Pd*x = 0 Wp e B/N^, L P^ =0. 

This gives 2g — 2 + f linearly independent conditions (for N large enough), 
using [Wl] Theorem VIL6, and shows that they actually characterize the 
subspace E{Ba^^) of Sa,x- 
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This reduces the proof of the lemma to the following simple computation: 
One lets F be a hnite subset (possibly with multiplicity) of C* and the 
subspace of Sn = {^ € = 0 Vn > N} dehned by the conditions 

^^(n) z'^ — O^z E F. One then has to compute the limit when N ^ (yo of 
Trace ((S'AT — En) V{f)) where V is the regular representation of Z (so that 
V{f) = fk where V is the shift, F(On = ^n-i)- One then checks that 
the unit vectors E Sn, z E F, rjzin) = z^ {\z‘^^'^^ \ — |)“5(j^l — 

Vn E [—N, N], are asymptotically orthogonal and span {Sn — En) 
(when F has multiplicity one has to be more careful). The conclusion then 
follows from, 

(29) LimN^cx)(b"(/)Vz, = / Pz{u) f{u) du, 

J\u\ = l 

where Pz{u) is the Poisson kernel, and / the Fourier transform of /. | 

One should compare this lemma with Corollary 2 of Theorem III.l. In 
the latter only the critical zeros were coming into play and with a multiplicity 
controlled by 5. In the above lemma, all zeros do appear and with their full 
multiplicity, but while the critical zeros appear per-se, the non-critical ones 
play the role of resonances as in the Fermi theory. 

Let us now explain how the above results extend to number helds k. We 
hrst need to analyze, as above, the relative position of the projections Pa and 
Pa. Let us hrst remind the reader of the well known geometry of pairs of 
projectors. Recall that a pair of orthogonal projections Pi in Hilbert space is 
the same thing as a unitary representation of the dihedral group F = Z/2*Z/2. 
To the generators Ui of F correspond the operators 2Pi — 1. The group F 
is the semidirect product of the subgroup generated by 17 = 17i P ^2 by the 
group Z/2, acting by 17 h- 17“^. Its irreducible unitary representations are 
parametrized by an angle 9 E [0, , the corresponding orthogonal projections 

Pi being associated to the one dimensional subspaces y = 0 and y — x tg{6) 
in the Euclidean x, y plane. In particular these representations are at most 
two dimensional. A general unitary representation is characterized by the 
operator 0 whose value is the above angle 9 in the irreducible case. It is 
uniquely dehned by the equality, 

(30) Sin(e) = |Pi - P 2 I, 
and commutes with Pi. 
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The first obvious difficulty is that when v is an Archimedian place there 
exists no non-zero function on ky which vanishes as well as its Fourier trans¬ 
form for |a:| > A. This would be a difficult obstacle were it not for the work of 
Landau, Poliak and Slepian ([LPS]) in the early sixties, motivated by prob¬ 
lems of electrical engineering, which allows to overcome it by showing that 
though the projections Pa and Pa do not commute exactly even for large A, 
their angle is sufficiently well behaved so that the subspace Ba makes good 
sense. 

For simplicity we shall take /c = Q, so that the only inhnite place is real. 
Let Pa be the orthogonal projection onto the subspace, 

(31) PA = {^e = 0, Vx , |a:| > A} . 

and Pa = FPaF~^ where F is the Fourier transform associated to the basic 
character a{x) — What the above authors have done is to analyze the 

relative position of the projections Pa, Pa for A —cx) in order to account for 
the obvious existence of signals (a recorded music piece for instance) which 
for all practical purposes have hnite support both in the time variable and 
the dual frequency variable. 

The key observation of ([LPS]) is that the following second order differ¬ 
ential operator on M actually commutes with the projections Pa, Pa, 

(32) HaiP{x) — —9((A^ — x‘^)d)ip{x) + {2 tiAx)‘^ ip{x), 

where d is ordinary differentiation in one variable. Exactly as the generator 
X d of scaling commutes with the orthogonal projection on the space of func¬ 
tions with positive support, the operator (1((A^ — x'^) d) commutes with Pa- 
Moreover Ha commutes with Fourier transform F, and the commutativity of 
Ha with Pa thus follows. 

If one sticks to functions with support in [—A, A], the operator Ha has 
discrete simple spectrum, and was studied long before the work of [LPS]. It 
appears from the factorization of the Helmoltz equation A '0 -)- '0 = 0 in 

one of the few separable coordinate systems in Euclidean 3-space, called the 
prolate spheroidal coordinates. Its eigenvalues Xn(A),n > 0 are simple, posi¬ 
tive and of the order of for n —> cx). The corresponding eigenfunctions '0^ 
are called the prolate spheroidal wave functions and since Pa Pa Pa commutes 
with Ha, they are the eigenfunctions of Pa Pa Pa- A lot is known about them, 
in particular one can take them to be real valued, and they are even for n even 
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and odd for n odd. The key result of [LPS] is that the corresponding eigen¬ 
values Xn of the operator Pa Pa Pa are decreasing very slowly from Aq — 1 
until the value n ~ 4A^ of the index n, they then decrease from ~ 1 to ~ 0 in 
an interval of length ~ log(A) and then stay close to 0. Of course this gives 
the eigenvalues of 0, it dictates the analogue of the subspace Pa of lemma 
1 , as the linear span of the n < 4A^, and it gives the justihcation of the 
semi-classical counting of the number of quantum mechanical states which are 
localized in the interval [—A, A] as well as their Fourier transform as the area 
of the corresponding square in phase space. 

We now know what is the subspace Pa for the single place cx), and to 
obtain it for an arbitrary set of places (containing the inhnite one), we just 
use the same rule as in the case of function helds, i.e. we consider the map, 

(33) ® li?, 

which suffices when we deal with the Riemann zeta function. Note also that in 
that case we restrict ourselves to even functions on M. This gives the analogue 
of Lemma 1, Theorem 5, and Lemma 3. 

To end this section we shall come back to our original motivation of section I 
and show how the formula for the number of zeros 

(34) N{E) ~ (P/27r)(log(P/27r) - 1) + 7/8 + o(l) + N^sdE) 
appears from our spectral interpretation. 

Let us hrst do a semiclassical computation for the number of quantum me¬ 
chanical states in one degree of freedom which fuffill the following conditions, 

(35) IqI < A, \p\ < A, \H\ < E , 

where H = qp is the Hamiltonian which generates the group of scaling trans¬ 
formations, 

(36) (P(A)e)(x) = e(A-'a:) X e x e R, U L\R) , 
as in our general framework. 

To comply with our analysis of section III, we have to restrict ourselves to 
even functions so that we exclude the region pq < 0 of the semiclassical (p, q) 
plane. 
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Now the region given by the above condition is eqnal to D = U (—D_(_) 
where, 


(37) D+ = {(p, q) e M+ X M+, p < A, Q < A, pQ < E} , 


Let ns compnte the area of for the canonical symplectic form, 


(38) 


uo = — dp A dq . 
271 


By constrnction is the nnion of a rectangle with sides E/A, A with the 
snbgraph, from q = E/A to g = A, of the hyperbola pq = E. Thns, 



u = — E/Ax A + 

27r 


1 


-A 


E dq 


'e/a Q 


E 2E E 


Now the above compntation corresponds to the standard normalization of the 
Fonrier transform with basic character of M given by 


(40) 


a{x) = exp (fa:). 


Bnt we need to comply with the natnral normalization at the inhnite place, 
(41) <Ao{x) = exp(—27rfa:) . 


We thns need to perform the transformation, 
(41) P = p/27r , Q = q. 


The symplectic form is now dP A dQ and the domain, 

(42) D' = {(P, Q); |g| < A, |P| < A, \PQ\ < E/2'k}. 


The compntation is similar and yields the following resnlt. 


(43) 



2E 


E 


— logA- — log — -1 


27r 


27r 


E 


277 


In this formnla we thns see the overall term {N{E)) which appears with 
a minus sign which shows that the nnmber of qnantnm mechanical states 
corresponding to D' is less than ^ log A by the hrst approximation to the 
nnmber of zeros of zeta whose imaginary part is less than E in absolnte 
valne (one jnst mnltiplies by 2 the eqnality (43) since D' = D'^ U (—Il(j_). 
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Now ^ (2i?)(21ogA) is the number of quantum states in the Hilbert space 
which are localized in M!j_ between and A and are localized 
in the dual group M (for the pairing (A, t) = A**) between —E and E. Thus 
we see clearly that the hrst approximation to N{E) appears as the lack of 
surjectivity of the map which associates to quantum states ^ belonging to D' 
the function on 

(44) i?(0(x) = |a:|i/2^e(na:) 

n^Z 


where we assume the additional conditions ^(0) = / ^{x)dx = 0. 

A hner analysis, which is just what the trace formula is doing, would yield 
the additional terms 7/8 + o(l) + Nosc{E)- The above discussion yields an 
explicit construction of a large matrix whose spectrum approaches the zeros 
of zeta as A —> cx). 

It is quite remarkable that the eigenvalues of the angle operator 0 which 
we discussed above, also play a key role in the theory of random unitary 
matrices. To be more specihc, let E{n, s) be the large N limit of the prob¬ 
ability that there are exactly n eigenvalues of a random Hermitian N x N 
matrix in the interval ^ ^ ZT'(n,s) = 1. Let 

n 

Pt be as above the operator of multiplication by ^ characteristic func¬ 

tion of the interval [—t, t] in the Hilbert space L^(M). In general (cf [Me]), 
E{n, s) is (—1)"^ times the n-th coefhcient of the Taylor expansion at 2 ; = 1 of 

00 ___ 

c.(^) = n(i — zXj{s)), where Xj{s) are the eigenvalues of the operator P-^Pt- 
1 

(Here we denote by P\ = TP\T~^^ and T denotes the Fourier transform, 
P^{u) = / e'^^'^^{x)dx. Note also that the eigenvalues of PaPb only depend 
upon the product ab so that the relation with the eigenvalues of 0 should be 
clear.) 

General remarks. 

a) There is a close analogy between the construction of the Hilbert space 
L‘^{X) in section HI, and the construction of the physical Hilbert space ([S] 
theorem 2.1) in constructive quantum held theory, in the case of gauge theo¬ 
ries. In both cases the action of the invariance group (the group k* = GLi{k) 
in our case, the gauge group in the case of gauge theories) is wiped out by 
the very dehnition of the inner product. Compare the comment after HI (9) 
with ([S]) top of page 17. 
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b) For global fields of zero characteristic, the Idele class group has a non 
trivial connected component of the identity and this connected group has so 
far received no interpretation from Galois theory (cf [W4]). The occurence 
of type III factors in [BC] indicates that the classification of hyperfinite type 
III factors [C] should be viewed as a refinement of local class field theory for 
Archimedean places, and provide the missing interpretation of the connected 
component of the identity in the Idele class group. In particular hyperfinite 
type III factors are classified by closed (virtual) subgroups of (cf [C]) and 
they all appear as ’’unramified” extensions of the hyperfinite factor of type 
Ilh. 

c) Our construction of the Polya-Hilbert space bears some resemblance 
to [Z] and in fact one should clarify their relation, as well as the relation of 
the space X of Adele classes with the hypothetical arithmetic site of Deninger 
[D], Note that the division of A by k* eliminates the linear structure of A and 
that it transforms drastically the formulas for dimensions of function spaces, 
replacing products by sums (cf. theorem 4 of section VII). It should be clear 
to the reader that the action of the Idele class group on the space of Adele 
classes is the analogue (through the usual dictionnary of class field theory) of 
the action of the Frobenius on the curve. (To be more specific one needs to 
divide first the space X of Adele classes by the action of the maximal compact 
subgroup of the Idele class group). 

d) There is a superficial resemblance between the way the function N{E) 
appears in the last computation of section VIII and the discussion in [BK], 
directly inspired from [Co]. It is amusing to note that the computation of [BK] 
is actually coincidental, the two rectangles are eliminated for no reason, which 
changes appropriately the sign of the term in E. What [BK] had not taken 
into account is that the spectral interpretation of [Co] is as an absorption 
spectrum, rather than an emission spectrum. 

d) There is an even more superficial resemblance with the work of D. 
Goldfeld [G], in the latter the Weil distribution is used to define a corre¬ 
sponding inner product on a function space on the Idele class group. The 
positivity of the inner product is of course equivalent to the positivity of the 
Weil distribution (and by the result of A. Weil to RH) but this does not 
give any clue how to prove this positivity, nor does it give any explanation 
(except for a nice observation at the Archimedean place) for what the Weil 
distribution is, since it is introduced by hands in the formula for the inner 
product. 


50 



e) The above framework extends naturally from the case of GL{1) to 
the case of GL(n) where the Adele class space is replaced by the quotient of 
Mn{A) by the action on the right of GL^ik). Preliminary work of C. Soule 
shows that the analogue of theorem III. 1 remains valid, the next step is to 
work out the analogue of the Lefchetz trace formula in this context. 

f) I have been told by P. Sarnak and E. Bombieri that Paul Cohen has 
considered the space of Adele classes in connection with RH, but never got 
any detail of his unpublished ideas. 

All the results of the present paper have been announced in the September 
98 conference on the Riemann hypothesis held in the Schrodinger Institute in 
Vienna and have been published as a preprint of the Schrodinger Institute. 
We are grateful to the American Institute of Mathematics for its sponsoring 
of the conference. 


Appendix I, Proof of theorem 1 

In this appendix we give the proof of theorem 1. Let us hrst recall as a 
preliminary the results of Tate an Iwasawa as interpreted in [W 2] 

L functions and homogeneous distributions on A 

In general for a non archimedean local held K we use the notations R for 
the maximal compact subring, P for the maximal ideal of R, tt for a generator 
of the ideal P ( i.e. P = ttR). 

Let k he a, global held and A the ring of Adeles of k. It is the restricted 
product of the local helds kv indexed by the set of places v of k, with respect 
to the maximal compact subrings Similarly, the Bruhat-Schwartz space 
5(A) is the restricted tensor product of the local Bruhat-Schwartz spaces 
S{ky), with respect to the vectors Ir^. 

L functions on k are associated to Grossencharakters, i.e. to characters 
of the Idele class group, 

( 1 ) Gk = Jkjk *. 

Let A be a character of the idele class group, we consider A as a character of 
Jfc which is 1 on /c*. As such it can be written as a product, 

(2) A(j) = n A„(j„) 2 = [iv] e Jfc . 
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By considering the restriction of X to the compact snbgronp 
(3) Gq = URIx 1 C Jk, 

it follows that for all hnite v bnt a hnite nnmber, one has 


(4) 

One says that X is nnramihed at v when this holds. 

Then Xy{x) only depends npon the modnle |a:|, since 

(5) kl/Rl = mod{kv). 

Thns Xy is determined by 

( 6 ) X^{7T^) 

which does not depend npon the choice of tt^, (modi?*). 
Let T be a qnasi-character of (7^, it is of the form, 


(7) X(x) = Xo{x) \x\^ 

where s G C and Xq is a character of Ck- The real part cr of s is nniqnely 
determined by 


( 8 ) 


|T’(a:)| = \x\^ 


Let P be the hnite set of hnite places where Xq is ramihed. The L f un ction 
L(Xo, s) is dehned for a = Re(s) > 1 as 


(9) L(Xo,s) 


/ \ 

V v finite 

vgf> / 


/ \ 

V v finite 

vgf> / 


where 


( 10 ) 


TTy 



Let ns now recall from [W 2] how L(Xo, s) appears as a normalization factor 
for homogeneons distribntions on A. 


52 



First let iF be a local field and X a quasi-character of K*, 

(11) X{x) = Xo{x)\x\^ , Xq:K*^U{1). 

A distribution H on AT is homogeneous of weight X ih one has 

(12) {r.D>=A-(o)-'(/,D) 

for all test functions / and all a in K*, where by definition 

(13) /“(x) = f{ax) 

When a = Re{s) > 0, there exists up to normalization only one homoge¬ 
neous distribution of weight X on iF,(cf [W 2]). It is given by the absolutely 
convergent integral, 

(14) [ f{x)X{x)d*x = Axif) 

Jk* 

In particular, let K be non archimedean, then, for any compactly sup¬ 
ported locally constant f un ction f on K one has, 

(15) f{x) — f{7i~^x) = 0 Vx, |a:| < 6 
thus, for any s G C the integral 

(16) [ (fix) - f{n~^x))\x\^ d*x = 

Jk* 

with the multiplicative Haar measure d*x normalized by 

(17) {lR.,d*x) = l. 
defines a distribution on K with the properties, 

( 18 ) (iR,Ay = i 

(19) (r.A',) = |ar'{/,A',) 

and 

(20) a; = (i-q-^)a„ 
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where |7r| = q (Let us check (18).. .(20). With / = 1 fjonehas/(7r ^x) — l 
iff Ti~^x G R i.e. X G nR = P. Thus Ag(ljj) = d*x — 1. Let us 
check (20), one has J f{'K~^x)\x\^d*x = f f{y)\7r\^\y\^d*y = |7r|®As(/). 
But |7r| < 1, |7r| = i. Note also that for s = 1 and f = 1 r one gets dx — 

(l - 0 Ir dx-) 

Let then T be a quasi-character of Ck and write as above 

(21) T = nT^, X{x) = Xo{x)\x\^ 

where s G C and Xq is a character. Let P be the hnite set of hnite places 
where it is ramihed. For any hnite place v ^ P, let A(,(s) be the unique 
homogeneous distribution of weight X^ normalized by 

(22) {A:W,1„„) = 1. 

For any v E P or any inhnite place, let, for a = Re{s) > 0, A(, be given by 
(14) which is homogeneous of weight X^ but unnormalized. Then the inhnite 
tensor product, 

(23) A'=nA'„W 

makes sense as a continuous linear form on S (A) and is homogeneous of weight 

T. 

This solution is not equal to 0 since A(, ^ 0 for any v E P and any inhnite 
place also. It is hnite by construction of the space iS(A) of test functions as 
an inhnite tensor product 

(24) SiA) = ®{SiK),lRj. 

Lemma 1. (cf [W 2]) For a = Re{s) > 1, the following integral converges 
absolutely 

j f{x) Xo{x)\x\''d*x = Asif) WfES{A) 
and As(/) = L(To, s) A'^(/). 

Proof. To get the absolute convergence one can assume that f = Ir and 
To = 1. Then one has to control an inhnite product of local terms, given 
locally for the Haar measure d*x on k* such that d*x — 1, by 

(25) / \xfd*x (s real) 

jRnk* 
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which is 1 + ® + ... = (1 — Thus the convergence for a > 1 

is the same as for the zeta function. 

To prove the second equality one only needs to consider the inhnite tensor 
product for hnite places v ^ P. Then by (20) one has A'^ = (1 — A^ 
where 

(26) = T„(7r) = To,„(7r) q~^ 


with |7r| = qy^- 


Thus one gets Ag 


( 


n (1-'^o,^(7r)Q„^) ^ 


V v finite 

vip 


A' 


L(To,s)A;., 


By construction makes sense whenever a > 0 and is a holomorphic 
function of s (for hxed /). Let us review biefly (cf [W2]) how to extend the 
dehnition of Ag. 


We let as above /c be a global held, we hx a non trivial additive character 
a of A, trivial on /c, 


(27) a{x + y) = a{x) a{y) G 17(1) , a{q) = 1 \/q E k . 

We then identify the dual of the locally compact additive group A with A 
itself by the pairing, 

(28) {x,y) = a{xy). 

One shows (cf.[W 1]) that the lattice k C A, i.e. the discrete and cocompact 
additive subgroup /c, is its own dual. 


(29) {x,q) = l 'iq E k xEk. 

Since A is the restricted product of the local helds ky one can write a as an 
inhnite product, 

(30) a = Ilay 


where for almost all v one has ay = 1 on Ry. Let us recall the dehnition of 
the space 5(A)o, 


(31) 


5(A)o 


{/ G 5(A) ; /(O) = 0 , 


J f dx = 0} 
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Lemma 2. Let f G i5(A)o, then the series 

£(/)(») = 

qek* 

converges absolutely and one has 

Vn, 3c, |B(/)((,)|<ce-"l‘°«l»" Vg e Ct 

andE(f){g)^E{f) ( 9 -'). 

Proof. Let us first recall the formal definition ([Br]) of the Bruhat-Schwartz 
space 5(G) for an arbitrary locally compact abelian group G. One considers 
all pairs of subgroups Gi , G 2 of G such that Gi is generated by a compact 
neighborhood of 0 in G, while G 2 is a compact subgroup of Gi such that 
the quotient group is elementary, i.e. is of the form F for F a finite 

group. By definition the Bruhat-Schwartz space 5(G) is the inductive limit 
of the Schwartz spaces 5(Gi/G2) where the latter have the usual definition in 
terms of rapid decay of all derivatives. Since Gi is open in G, any element of 
5 (Gi/G 2) extended by 0 outside Gi defines a continuous function on G. By 
construction 5(G) is the union of the subspaces 5(Gi/G2) and it is endowed 
with the inductive limit topology. 

Let G be the Pontrjagin dual of G, then the Fourier transform, which 
depends upon the normalization of the Haar measure on G, gives an isomor¬ 
phism of 5(G) with 5(G). 

Let r be a lattice in the locally compact abelian group G. Then any 
function / G 5(G) is admissible for the pair G, F in the sense of [W 1], and 
the Poisson summation formula (cf [W 1]) is the equality, 

(32) Covol(r)j;/(7)= /(/3) 

7er /3er-L 

where F-*- is the dual of the lattice F, and 

(33) f{(3) = j f{a)(3{a)da. 

Both sides of (32) depend upon the normalization of the Haar measure on G. 

In our case we let A be as above the additive group of Adeles on k. We 
normalize the additive Haar measure dx on A by 

(34) Covol(/c) = 1. 
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We then take F = xk, for some x G A~^. One has 

(35) Covol (x/c) = |a:| 

The dnal F-'- of the lattice xk, for x invertible in A, is the lattice F-*- = x~^k. 
Thns the Poisson formnla (32) reads, for any / G >S(A), 

(36) \x\^f{xq) = ^f{x-^q) . 

qEk qEk 

Which we can rewrite as, 

(37) \x\^f{xq) = ^f{x-^q) +S 

k* k* 

s = -\x\f{0) + Jf{y)dy. 

We can then rewrite (37) as the eqnality, valid for all / G iS(A)o 

(38) E{f){x) = E{f) / € S(8l)o. 

It remains to control the growth of E{f){x) on Ck, bnt by (38), it is enongh 
to nnderstand what happens for |a:| large. 

We only treat the case of nnmber helds, the general case is similar. Let 
A = Af X Aoo be the decomposition of the ring of Adeles corresponding to 
hnite and inhnite places, thns Aoo = where Soo is the set of inhnite 

Soo 

places. 

Any element of iS(A) is a hnite linear combination of test fnnctions of 
the form, 

(39) / = /o ® /i 

where fo E S{Af) , /i G iS(Aoo) (cf [W 5] 39), thns it is enongh to control 
the growth of E{f){x) for snch / and |a:| large. 

Let Jk,i = {x E Jk] |(e| = 1} be the gronp of Ideles of modnle one, since 
Jk,i/k* is compact (cf [W 1]), we shall hx a compact snbset Ki of Jk,i whose 
image in Jk,i/k* is this compact gronp. 

Let n be the diagonal embedding: 

(40) AGM;^(A,...,A)Gn^: 
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which yields an isomorphism 


(41) Jfc = Jk,i X Im . 

One has /o G S{Af)j hence (cf [W 5]), /o G Cc{Af) and we let Kq = 
Snpport /o- Since Kq is compact, one can hnd a hnite snbset P of the set of 
hnite places and C < oo snch that: 

(42) y^K = {Kf)-^Ko^\y,\<l Vn ^ P , \yv\<C Vn. 

where Kf is the projection of Ki on Af. 

We let O be the compact open snbgronp of Af determined by 

(43) |ai)| < 1 Vn ^ P , \a^\<C Wv. 

By constrnction P(/) (x) only depends npon the class of xin J^/k*. Thns, 
to control the behavionr of E{f){x) for |a:| — cx), we can take x — {xf, Xoo) G 
Ki and consider E{f){Xx) for A G , A — oo. Now let q = {qf,qoo) G /c, 
then, 

(44) = foiqfXf) fiiqooXxoo) 

and this vanishes nnless q/XfE Kq, i.e. nnless q/ G K. Bnt then by (42) one 
has qf E Let L be the lattice in determined by 

Soo 

(45) r = {qoo-, q e k, qf e 

The size of E{f){Xx) is thns controlled ( np to the sqnare root of |Aa:| ) by 

(46) C ^ \fi{Xxoon)\ 

ner* 

where Xoo varies in the projection K^o of Ki on 

5oo 

Since fi G iS(Aoo), this shows that E{f){x) decays faster than any power 
of |a:| for |a:| oo. 

We have shown that E{f) has rapid decay in terms of |a:|, for |a:| —> oo. 
Using (38) and the stability of iS(A)o nnder Fonrier, we see that it also has 
exponential decay in terms of | log |a:| | when | log |a:| | —cx). 
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We then get, 

Lemma 3. (cf [W 2]) For a = Re{s) > 0, and any character Xq of Ck, one 
has 

j E{f){x) d*x ^ cL{Xo,s) KU) V/G 5(A)o 

where the non zero constant c depends upon the normalization of the Haar 
measure d*x on Ck- 

Proof. For a = Re{s) > 1, the equality follows from lemma 1, but since both 
sides are analytic in s it holds in general. 

As in lemma 1, we shall continue to use the notation As(/) for a = 
Re{s) > 0. 


Approximate units in the Sobolev spaces Lg(Ck) 

We hrst consider, for h > 1, the Hilbert space of functions ^(w), 

n, G M with square norm given by 

(1) [ \^{u)\‘^ du. 

-Jr 

We let p{u) = (1 + It is comparable to (1 + |'u|)^ and in particular, 

(2) ^ < c p(a) Vu-GM, ugM 

p{u) 

with c = 2'^/2. 

We then let V(v) be the translation operator, 

(3) {V{v)^){u) = ^{u — v) V'U,nGM. 

One has — v)\‘^ p{u) du — |^('u)p p('U + n) dn. so that by (2) it is less 

than c J^\C{u)\^ p{u) p{v) du = c p{v) ||^f, 

( 4 ) \\V(v)\\<(cp(v)fl\ 

This shows that V{f) = f f(v) V{v) dv makes sense as soon as 

(5) [ \f{v)\p{v)^/'^dv < oo. 


59 



This holds for all / G iS(M). 

Lemma 4. There exists an approximate unit fn G such that fn has 

compact support, ||V^(/n)|| < C* Vn, and 

V{fn) 1 strongly in Lj{R). 


Proof. Let / be a function, / G iS(M), whose Fourier transform / has compact 
support, and such that J f dx = 1 (i.e. /(O) = 1). Let then 

(6) fri{v) =nf{nv) n = 1, 2,... 

One has J\fniv)\ dv = J\fiu)\ p{^Y^^ du < J\f{u)\ p{u)^/^ du. 

Thus ||V^(/n)il is uniformly bounded. 

We can assume that / is equal to 1 on [—1,1], then fn is equal to 1 on 
[— n,n] and V{ fn)C = C ci.ny ^ with Supp^ C [— n, n] . By uniformity one 
gets that V{fn) —^ 1 strongly. | 

Let us now identify the dual (L^)* of the Hilbert space L‘g with L‘^g by 
means of the pairing, 

( 7 ) {tv)o= [ Ciu)viu)du. 

Jm 

Since L'g is a Hilbert space, it is its own dual using the pairing, 

( 8 ) [ Ciu)r]i{u){l + u‘^Y/^ du. 

Jr 

If we let r]{u) = r]i{u){l then 

J \r]i{u)f {1 + du = J \r]{u)\‘^ {1 + du 

which is the natural norm square for L^g- 

Given a quasicompact group such as Ck with module, 

( 9 ) \\:Ck^ m ; 

we let d*g be the Haar measure on Ck normalized by 

(10) j d*g^ log A A —cx) 

J\9\e[i,A] 


60 



and we let L‘g{Ck) be defined by the norm, 

(11) / l^(^) 1^(1 +log 

JCk 

It is, when the modnle of k is a direct snm of spaces (1), labelled by the 
characters Xq of the compact gronp 

(12) Ck,i = Kermod . 

The pairing between L‘g{Ck) and L‘^g{Ck) is given by 

(13) itv) = j ^{9)v{9)d*g . 

The natnral representation V of Ck by translations is given by 

(14) {V{a)i){g)=i{a~^g) Mg.aeCk- 
It is not nnitary bnt by (4) one has, 

(15) ||y(^)|| = 0|log|^||^/^ |log|^||^oo. 

Finally, one has, nsing lemma 4 and the decomposition Ck = Ck,i x N, 

Lemma 5. There exists an approximate unit fn € S{Ck), such that fn has 
compact support, ||I^(/n)|| C C 'in, and 

V{fn) 1 strongly in Lg{Ck) ■ 

Proof of theorem III 1 

We first consider the snbspace of codimension 2 of 5(A) given by 

(1) /(O) = 0 , j fdx = 0. 

On this snbspace 5(A)o we pnt the inner prodnct, 

( 2 ) [ \E{f){x)\^{l + \og\x\‘^Y/^d*x. 

JCk 
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We let U be the representation of Ck on given by 

(3) (17(a)^)(a:) = 'ia&Ck, x&A. 

We let L‘1{X)q be the separated completion of i5(A)o for the inner prodnct 
given by (2). The linear map E : iS(A)o —^ L‘^{Ck) satishes 

( 4 ) = 11 / 11 ^ 

by constrnction. Thns it extends to an isometry, still noted E, 

(5) E:L]{X)o^L]{Ck). 

One has 

E{U{a)f){g) = |^|^/2^(t/(a)/)(Q^) = 

k* k* 

= \a~^9\^^‘^'^f{(ia~^9) = \a\^^‘^{V{a) Eif)){g) 

k* k* 


( 6 ) EU{a) = \a\^/‘^V{a)E. 

The eqnality (6) shows that the natnral representation U of Ck on L‘g{X)o 
corresponds by the isometry E to the restriction of |a|^/^ V(a) to the invariant 
snbspace given by the range of E. 

In order to nnderstand Im E we consider its orthogonal in the dnal space 

Lls^Ck). 

The compact snbgronp 

(7) Ck,i = {g & Ck] \g\ = 1} 

acts by the representation V which is nnitary when restricted to Ck,i- Thns 
one can decompose L‘g{Ck) and its dnal L‘^_^{Ck) , in the direct snm of the 
snbspaces, 

(8) Ll;,^ = {ie LjiCk ); e(a-'l7) = ^o(a) m ^geCk, ae Ck,i} 

and, 

(9) L\;,^ = {ieLls{Ck)]i{ag) = Xo{a)i{g) W g e Ck . a e Ck,i} 
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which corresponds to the projections Pxq = f dfo(a) V(a) di a for L'j and 
= I V{aY di a for the dnal space L'^g. 

In (9) we nsed the formnla 

(10) {V{gYr]){x) =r]{gx) 

which follows from the dehnition of the transpose, (y{g)^,rf) = {C,V{9Yv) 
nsing 

J ^{9~^x)r]{x) d*x = j ^{y)v{9y)d*y 

In these formnlas one only nses the character Xq as a character of the 
compact snbgronp Ck,i of Ck- One now chooses, non canonically, an extension 
Xq of Xq as a character of Ck 

( 11 ) Xo(9)=Xo(9) VgeCk,i- 

This choice is not nniqne bnt any two snch extensions differ by a character 
which is principal, i.e. of the form: g 1(71**°, Sq G M. 

Let ns £x a factorization Ck = Ck,i x and fix Xq as being eqnal to 1 
on 

We then write any element of L‘^g p^^{Ck) in the form 

( 12 ) 9 ^ Ck ^ vig) = Xo{g)ij{\g\) 
where 

(13) . J |V((|^|)^(1 + (log|^|)^)“'^/^d*^ < oo 

This vector is in the orthogonal of Im E iff 

(14) j E{f){x)XQ{x)Y{\x\)d*x = Q yfeS{A)o. 

We hrst proceed formally and write Y{\x\) — J YY) \xY dt so that the left 
hand side of (14) becomes, 

(15) j j E{f){x)XQ{x)\xYYY)d*xdt = j Ai/2+itif)YY)dt 
(nsing the notations of lemmas 1 and 3). 
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Let us justify this formal manipulation; since we deal with the orthogonal 
of an invariant subspace, we can assume that 

(16) V^{h)rj = rjj 

for some h such that h has compact support. Indeed we can use lemma 5 to 
only consider vectors which belong to the range of 

V^{h) = J h{g) V{gY d*g, h with compact support. 

Then, using (16), the Fourier transform of the tempered distribution '0 
on has compact support in M. Thus, since E{f)[x) has rapid decay, 
the equality between (14) and (15) follows from the dehnition of the Fourier 
transform of the tempered distribution '0 on 

Let us now describe suitable test functions / G 5(A)o in order to test the 
distribution, 

(17) j 

We treat the case of characteristic zero, the general case is similar. For 
the hnite places we take, 

(18) /o = ® li?„ ® fxo 

v^P 

where fx^ is the tensor product over ramihed places of the functions equal to 
0 outside i?* and to on i?*. It follows then by the dehnition of A(, that, 

(19) (A'^,/o®/) = j f{x) Xo^oo{x)\x\'' d*x 
for any / G S{Aoo)- 

Moreover if the set P of hnite ramihed places is not empty one has, 

(20) /o(0)=0, [ fo{x)dx = 0 

JAf 

so that/o ® / G 5(A)o V/g5(Aoo). 

Now let i be the number of inhnite places of k and consider the map 
p : (M^)^ ^ given by 

(21) p(Ai,..., A^) = Ai... . 
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As soon as £ > 1 this map is not proper. Given a smooth fnnction with 
compact snpport, b G we need to hnd a G snch that the 

direct image of the measnre a{x)d*x is b{y)d*y where d*x = Ild*Xi is the 
prodnct of the mnltiplicative Haar measnres. 

Eqnivalently one is dealing with a hnite dimensional vector space E and a 
linear form L : i? —R. One is given b G (^“(R) and asked to lift it. One can 
write E = 'Rx El and the lift can be taken as a = b®bi where bi G C'^{Ei), 
f bi dx = 1. 

Thns we can in (19) take a fnnction / of the form, 

(22) /(x) = 5f(a:) ^0,00 (a;) 

where the fnnction g G C^(Aao) only depends npon (|a:|t,), v G Soc and is 
smooth with compact snpport, disjoint from the closed set 



Thns, to any fnnction b G (^“(R;).) we can assign a test fnnction f = fb 
snch that for any s (Re s >0) 

(23) (A'^,/o O/&) = /" b{x) Ixl"" d*X . 

Jr*_^ 

By lemma 3, we get. 


dt, fo® fb) = i / L (To, - + it) Ai f){t) dt, fo® fb 


L (To, - + it) f:{f) b{x) |a:| 2 +** d*x dt. 



Thns, from (14) and (15) we conclnde, nsing arbitrary test fnnctions b that the 
Fonrier transform of the distribntion L (Aq, 1/2 + it) ip{t) actnally vanishes, 

(24) L{Xo,^+it)'f{t) ^ 0 


To jnstify the above eqnality, we need to control the growth of the L 
fnnction in the variable t. One has, 

(25) |L(i + ft)l=0(|ir) . 
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In particular, since L it) is an analytic f un ction of t we see that it is a 
multiplier of the algebra iS(M) of Schwartz functions in the variable t. Thus 
the product L {^+it) ip{t) is still a tempered distribution, and so is its Fourier 
transform. To say that the latter vanishes when tested on arbitrary functions 
which are smooth with compact support implies that it vanishes. 

The above argument uses the hypothesis XojCk,i 7 ^ 1- 
In the case XolCk,i = 1 we need to impose to the test function / used in 
( 22 ) the condition J f dx = 0 which means 

(26) J b{x) \x\ d*X = 0 . 

But the space of functions b{x) \x\^/‘^ E (^“(M;).) such that (26) holds is still 
dense in the Schwartz space iS(M^). 

To understand the equation (24), let us consider an equation for distri¬ 
butions a(t) of the form 


(27) 


ip{t) a(t) = 0 


where we hrst work with distributions a on and we assume that (p G 
C'“(S'^) has hnitely many zeros Xi E Z{ip), of hnite order n^. Let J be the 
ideal of C'“(S'^) generated by ip. One has E J ^ order of '0 at Xi is > n^. 

Thus the distributions hj,., ,..., hi”* form a basis of the space of 

solutions of (27). 

Now ip{t) is, for rj orthogonal to Im(i7) and satisfying (16), a distribution 
with compact support, and L -\-it) 'il){t) = 0 . Thus by the above 

argument we get that ip is a hnite linear combination of the distributions. 


(28) 



L 



0 , k < order of the zero, k < 


5-1 

2 


The condition k < order of the zero is necessary and sufficient to get the 
vanishing on the range of E. The condition k < is necessary and sufficient 
to ensure that ip belongs to i.e. that 


(29) y (log|a:|)^^(l + |log|a:||^) d* X < 00 

which is 2k + 5 < — 1 , i.e. k < 
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Conversely, let s be a zero of s) and /c > 0 its order. By lemma 3 

and the finiteness and analyticity of (for Re s > 0) we get 


(30) 



A.(/) = 0 


V/ e *S(A)o , a = 0,1,..., /c - 1. 


We can differentiate the eqnality of lemma 3 and get, 

(31) E{f){x)XQ{x)\x\^~^f‘^{\og\x\Yd*x. 

Thns rj belongs to the orthogonal of Im(i?) and satishes (16) iff it is a hnite 
linear combination of fnnctions of the form, 

(32) \x\^^ (log |a:|)“, 
where, 

_ 2 

= 0 , a < order of the zero, a < —-— . 

The restriction to the snbgronp M!j_ of Ck of the transposed of W is thns given 
in the above basis by: 

a 

(34) W(A)*„,. = 

b=0 

The mnltiplication operator by a f un ction with bonnded derivatives is 
a bonnded operator in any Sobolev space thns one checks directly, nsing 
the density in the orthogonal of Im(i?) of vectors satisfying (16), that if 
L (Tq, \ + is) 7 ^ 0 then is does not belong to the spectrnm of 

This determines the spectrnm of the operator D^Xq hence of its trans¬ 
pose Dxq as indicated in Theorem 1 and ends the proof of theorem 1. 

Let ns now prove the corollary. Let ns hx ho G S{Ck) snch that ho has 
compact snpport contained in {Xq} x M and ho (To, s) = 1 for s small. 

Let then hg be given by hs{g) = ho{g) The Fonrier transform hg is 
then the translate of ho, and one can choose ho snch that, 

(35) hn{Xo ,u) = 1 n. G M 


(33) 


To, ~ 
u, 2 
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When |s| — oo, the dimension of the range of W^{hs) is of the order of 
Log\s\ as is the nnmber of zeros of the L f un ction in the translates of a hxed 
interval (cf [W 3]). 

Let h e S{Ck). One has W\h) = * ^n)- 

It follows then from the polynomial growth of the norm of W^{g) that 
the operator 

(36) J h{g)W{gYd*g 
is of trace class for any h G S{Ck)- 

Moreover nsing the triangnlar form given by (34) we get its trace, and 
hence the trace of its transpose W{h) as, 

(37) Trace W(/i)= ^ h(T,p) 

l[x,^+p)=o 

Pei’S. 

where the mnltiplicity is connted as in Theorem 1 and where the Fonrier 
transform h of h is dehned by, 

(38) h{X,p)= f h{u) X(u) \uY d* u . 

Jck 


Appendix II. Explicit formulas 

Let ns hrst recall the Weil explicit formnlas ([W3]). One lets /c be a global 
held. One identihes the qnotient Ck/Ck,i with the range of the modnle, 

(1) iV = {|(7|; (/eOfcjcM;. 

One endows N with its normalized Haar measnre d*x. Given a fnnction F on 
N snch that, for some b > ^, 

(2) |F(z/)| = 0(z/^) z/^ 0 , |F(z/)| = 0(z/“'') , z/^ oo, 
one lets, 

(3) $(s) = [ F{u)u^/^-^d*u. 

Jn 
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Given a Grossencharakter X, i.e. a character of Ck and any p in the strip 
0 < Re(p) < 1, one lets p) be the order of -b(A’, s) at s = p. One lets, 


( 4 ) 


S(A',F)= 


where the snm takes place over p’s in the above open strip. One then dehnes 
a distribntion A on Ck by, 


( 5 ) 


A = log Id +£> - , 


where hi is the Dirac mass at 1 G Gfc, where d is a differental idele of k so 
that |d|“^ is np to sign the discriminant of k when char [k) = 0 and is 
when k is a, fnnction held over a cnrve of genns g with coefRcients in the hnite 
held Fn 


q- 


The distribntion D is given by. 


( 6 ) 


DU)= / + \w\ 


w 


where the Haar measnre d*w is normalized (cf. Ilb). The distribntions Dy 
are parametrized by the places v of k and are obtained as follows. For each v 
one considers the natnral proper homomorphism. 


( 7 ) 


k* ^ Ck ^ X ^ class of (1,..., x, 1...) 


of the mnltiplicative gronp of the local held ky in the idele class gronp Ck- 
One then has. 


( 8 ) 


Dyif)=PfW 


[ fin) 

L \i-u\ 


d*u 


where the Haar measnre d*u is normalized (cf. Ilb), and where the Weil 
Principal valne Pfw of the integral is obtained as follows, for a local held 

K - ky , 


( 9 ) 


1 




d*u = 0, 


if the local held ky is non Archimedean, and otherwise: 


( 10 ) 


Pfw / (f{u)d*u = PFo / iffu) d*u, 

Jk* Jr* 
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where '^(z/) = (p(u) diyU is obtained by integrating (p over the hbers, 

while 


(11) PFq I 'i/z(z/)(i*z/= 2 log(27r) c + ^lim ( j {1 —/q^) if;{iy) d*^ — 2c\ogt ] , 


where one ass um es that if: — c ^ is integrable on and 

/o(z/) = inf(z/^/^z/“^/2) Vz/eR+, fi = fo^ - fo ■ 

The Weil explicit formnla is then, 

Theorem 1. ([W]) With the above notations one has S{X,F) = A(F(|r(;|) 

Xiw)). 

We shall now elaborate on this formnla and in particnlar compare the 
principal valnes Ffw with those of theorem V.3. 

Let ns make the following change of variables, 


( 12 ) \nP'ni(,j-^)^F(\g\)XM, 


and rewrite the above eqnality in terms of h. 

By (3) one has, 

(13) F{\g\}\g\-'’d'g, 
thns, in terms of h, 

(14) J h(g)Xi[g)\g\'/^+“d’g^ J F[\g-^\) X„(g-^) Xi(g)\g\" d’g, 

which is eqnal to 0 if Xi/Ck,i 7 ^ T’o/C'^p and for Xi = Tq, 

(15) j h(g)X„(g)\gp^+“d'g^<iF + ii\ , 

Thns, with onr notations we see that, 

(16) Snpp h C To X M , /i(To, p) = $(p). 


Thns we can write, 

(17) S(A-o,F)= J] h(X,p) 

L{x,p)=o,xeCf^^x 
0<Re p<l 
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using a fixed decomposition Ck = Ck,i x N. 

Let us now evaluate each term in (5). 

The hrst gives (log h{l). One has, using (6) and (12), 


{D,F{\g\)Xo{g)) = / \g\ ^^^h{g {\g\^^^ + \g\ ^^‘^)d*g 

JCk 


'Ck 


h{u) (1 + lul) d*u — h{0) + h{l ), 


where for the trivial character of Ck,i one uses the notation 


( 18 ) 


h{z)=h{l,z) \/z E C . 


Thus the hrst two terms of (5) give 


(19) 


(log|d \) h{l) + h{0) + h{l) 


Let then u be a place of /c, one has by (8) and (12), 

^ h{u-^] 


{D,,F{\g\)M9))=Pfn> 


\l-u\ 


d*u. 


We can thus write the contribution of the last term of (5) as, 

h{u~^^ 


( 20 ) 




d*u. 


u 


Thus the equality of Weil can be rewritten as. 


(21) h{0) + h{l)- h{A:,p) = {log\d\)h{l) + 

T(A’,p)=0,A'€Cfc 1 
0<Re p< 1 





*) j, 

11 -u 


Which now holds for hnite linear combinations of functions h of the form (12). 
This is enough to conclude when h{l) = 0. 

Let us now compare the Weil Principal values, with those dictated by 
theorem V.3. We hrst work with a local held K and compare (9), (10) with 
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our prescription. Let first K be non Archimedean. Let a be a character of K 
such that, 


(22) a/R=l , 

Then, for the Fourier transform given by, 

(23) {Ff){x) = J f{y)a{y)dy, 
with dy the selfdual Haar measure, one has 

(24) = li? • 


Lemma 2. With the above choice of a one has 


h{u 






d*u = Pfw 


h(u 


- 1 ' 


\l-u\ 


d*u 


with the notations of theorem 3. 

Proof. By construction the two sides can only differ by a multiple of h{l). 
Let us recall from theorem 3 that the left hand side is given by 


(25) 


h{u ^)\ 

1^1 / 


where L is the unique extension of p ^ \T^\ Fourier transform vanishes 
at 1, L(l) = 0. Thus from (9) we just need to check that (25) vanishes for 
h = 1r* , i.e. that 


(26) 


{L, 1r*) — 0 . 


Equivalently, if we let T = {p G AT; |p — 1| = 1} we just need to show, using 
Parseval, that. 


(27) (log|u|,Ty) = 0. 

One has 1y{x) — fYC({xy)dy = a{x) and Ijj* = Ijj — Ip, Ip* = 

Ip — \ti\ Itt-ip, thus, with q~^ = |7r|, 

(28) Iy{x) = a{x) {x). 
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We now need to compnte f log |a:| ly (x) dx = A + B, 

(29) A =-- [ a(x) (logq) dx , B = (1 —I \og\x\dx. 
Q Jn-^R* \ qJ Jr 


Let ns show that A + B = 0. One has jjdx = 1, and 


A = -y a( 7 r y) (logq)dy =-logq yj a(7r y) dy - J dy 
= - logg , since [ a{7r~^y) dy = 0 as al'K~^R ^ 1 . 

Q Jr 

To compnte S, note that dy = q~'^ ("l — so that 


/ 1 \ ^ 

5=11--) '^{-nlogq)q~^ ^-q~^logq. 


and A + B = i 

Let ns now treat the case of Archimedean helds. We take AT = M hrst, 
and we normalize the Fonrier transform as, 

(30) (F/)(x) = |/(j,)e-“"<'<ij, 

SO that the Haar measnre dx is selfdnal. 

With the notations of (10) one has, 


Pfw / fo{\u\) y -r d*u = logTT + 7 

./TCP* 1 — U\ 


where 7 is Enler’s constant, 7 == —F (1). Indeed integrating over the hbers 
gives /(f X (1 - /^)“\ and one gets. 


PFo /ox(l-/o) = log(27r) + lim / (1 -/q )/q (1-/q ) d*u 

/td)* \ i —\ /ttd* 


— log t = log 27r + 7 — log 2 . 


Now let (p{u) — — log ImI, it is a tempered distribntion on M and one has, 
{ifi, ^ logTT + I + log 2 , 
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as one obtains from ^ / In-I ^ e du = -^ yrr ^ F evalnated at 

s = 0 , nsing = -7 - 2 log 2 . 

Thns by the Parseval formnla one has, 

(33) = ^log 7 r+I+ log2, 

which gives, for any test f un ction /, 


(34) (^,/) = lini ( / /(a:)h*a: +(log£)/(0) I + A/(0) 

where A = log(27r) + 7 . In order to get (34) one nses the eqnality, 

(35) 

= j f(x)\x\’d'x - ^ f{0) \ , 

which holds since both sides vanish for f{x) = 1 if |a:| < 1 , f{x) = 0 otherwise. 
Thns from (34) one gets. 



(log£)/( 0 ) 


(36) 


fiu) 


\l-u\ 


d*u = A /(I) + lim 



1 —k| >£ 


fju) 

\l-u\ 


d*u+{\oge) /(I) 


Taking f{u) = /o (Iwl), the right hand side of (36) gives A — log2 = 

logTT + 7 , thns we conclnde nsing (31) that for any test fnnction /, 

- -d*u = Pfw [ f{u)- - -d*u. 

l-u\ Jr |1-w| 

Let ns hnally consider the case K = C. We choose the basic character a as 



(38) 


a{z) = exp 27ri{z + z ), 


the selfdnal Haar measnre is dzdz — \dz A dz\, and the fnnction f{z) — 
exp—27r|zp is selfdnal. 

The normalized mnltiplicative Haar measnre is 


(39) 


\dz A dz\ 
2ti\z\^ 


Let ns compnte the Fonrier transform of the distribntion 


(40) 


ip{z) = -log| 2 ;|c = - 21 og|z 


74 



One has 


(41) ((/?, exp-27r|2;p) = log27r + 7 , 

as is seen nsing ^ \dz A dz\^ = ((27r)® r(l — e)). 

Thns {ip, exp —2ti\u\^) = log 27r + 7 and one gets, 


(42) 


(^, /) = lim 



f{u) d*u+ \oge f{Q) +A'/(0) 


u\c>e 


where A' = 2(log27r + 7 ). 

To see this one nses the analogne of (35) for K = C, to compnte the 
right hand side of (42) for f{z) = exp—27r|2;p. 


Thns, for any test fnnction /, one has. 


(43) 


/(■“) Tl-r d*u = A' /(l) + lini 


f{u) 


'c 


1-u 


c 


e^O 


|l-'u|c>e 


\l-u\ 


c 


d*u + (logs) f(l) 


Let ns compare it with Pfw. When one integrates over the hbers of C* - 
the fnnction \1 — one gets, 

(44) — / r-nr dO = -—nr if h: < 1, and —n- if h; > 1. 

Thns for any test f un ction / on one has, by (10), 

(45) Pfw [ fi\u\c) —^ d*u = PFo [ f{iz) dW 

with the notations of (11). With / 2 («^) = /o(^) we thns get, nsing (11), 

(46) Pfw [ / 2 (|^|c) I. ^ I d*u = PFo [ /o/r^dW = 2(log27r + 7 ). 

J |l-'w|c J 

We shall now show that. 


( 47 ) 


lim 

£^0 


f2i\u\c) 


\l — u\c>e 

it will then follow that, nsing (43), 

1 


l-u\ 


d* u + log£ = 0 , 


(48) 


'C 


fiu) 


\l-u\ 


d*u = Pfw / f{u) 


l-u\ 


d*u. 


c 


75 



To prove (47) it is enough to investigate the integral, 


(49) / {{l-z){l-z)) ^ \dz A dz\ = j(e) 

and show that j{e) = alog£ + o(l) for £ —0. A similar statement then holds 
for 

f {{1 — z){l— z))~^ \dz Adz\. 

J\z\<l,\l-z-^\>s 

One has j{s) = \dZ A dZ\, where Z = log(l — z) and the domain D is 
contained in the rectangle, 

(50) {Z = {x^iy) ; logs < a: < log2 , -^ < y < 7r/2} = 

and bounded by the curve x = log(2 cosy) which comes from the equation of 
the circle |z| = 1 in polar coordinates centered at z — 1. One thus gets. 


(51) 


|.log2 

j{e)=4: / Arccos(e^/2) dx , 

J log £ 


when £ —0 one has j{e) ~ 27rlog(l/£), which is the area of the following 
rectangle (in the measure \dz A d'z\)^ 


(52) 


{Z — {x iy ); log£ < a: < 0 , —7r/2 < y < 7r/2} 


One has |i?e|—27rlog2 = 27rlog(l/£). When £ —0 the area of converges 

to 

|.log2 pn/2 

(53) 4 / Arcsin(e'^/2) da; = —4 / log(sin'u) d-u = 27r log 2 , 

J — oo J 0 

so that j{e) = 27rlog(l/£) + o(l) when £ —;> 0. 

Thus we can assert that with the above choice of basic characters for 
local helds one has, for any test function /, 


(54) 


Ik 


d*u = Pfw / f{u) 


1 


l-u\ 


d*u. 


Lemma 3. Let K be a local field, ckq a normalized character as above and a, 
a{x) = Q;o(Aa:) an arbitrary character of K. Let J' be defined as in theorem 
V.3 relative to a, then, for any test function f. 


f /(«) 

Ik \^-u\ 


d*u = log\X\f{l)+Pfw / fiu) 


1 


l-u\ 


d*u. 
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= y'(- log \v\)f^{v)dov + log |A| /(O) . 

Thus the lemma follows from (54). | 

Let us now pass to the global case, recall that if a, a 7 ^ 1, is a character 
of A such that a//c = 1, there exists a differental idele d = (dy) such that, (cf. 
|W1]) 

(58) ay{x) = ao^v{dy x) 

where a = 11 and each local character ao,t, is normalized as above. 

We can thus rewrite the Weil formula (theorem 1) as. 

Theorem 6. Let k be a global field, a a non trivial character of Ajk and 
a = n ay its local factors. 
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Let h G S{Ck) have compact support, then 


h{0) + h{l)- HX,p) = J2[ ^ 

r r y ^\—r\ ^ I 




L(A^,p)=0 V ' ' 

0<Rep< 1 

where the normalization of f' is given by ay as in theorem V.3, and h{X, z) — 
f h{u) X{u) \u\^ d*u. 

Proof. This follows from formula (21), lemma 3 and the equality log \d\ 

V 

log|d^|. ■ 

Normalization of Haar measure on modulated group 

We let G be a locally compact abelian group with a proper morphism, 

( 1 ) g^\g\,G^RX 

whose range is cocompact in 

There exists a unique Haar measure d*g on G such that 


ls|e[bA] 


d*g log A when A —> +cx). 


Let Go = Kermod = {g E G; \g\ = 1}. It is a compact group by hypothesis, 
and one can identify G/Gq with the range N of the module. Let us determine 
the measure d*n on N C. such that (2) holds for 


fingo) dgo d*n 


fd*g = 


where the Haar measure dgo is normalized by 

(4) [ dgo = l. 

JGo 

We let Pa be the function on G given by 

(5) Pa(^) = 0 if I^I ^ [1, A], pa(^) = if^e[l,A] 

The normalization (2) means that J pA d*g 1 when A —cx). 
Let hrst N = then the unique measure satisfying (2) is 


d*X = —. 


( 6 ) 
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Let then N = for some fx > 1. Let us consider the measure 

(7) = 

We take / = Pa, then the right hand side is a where N is the number of 
p"' G [1,A], i.e. ~ shows that (2) holds iff 

(8) a = log fj,. 

Let us show more generally that if iL C G is a compact subgroup of G and if 
both d*g and d*h are normalized by ( 2 ) one has 

(9) j f{hy)d*h^ doy = J f d* g 

where d^y is the Haar measure of integral 1 on G/iL, 

( 10 ) [ doy = l. 

Jg/h 

The left hand side of (9) dehnes a Haar measure on G and we just need to 
show that it satishes ( 2 ). 

One has ||pa(-p) ~ Pa||i —^ 0 when A —cx) , and 

( 11 ) j pA{hy)d*h^l whenA—i^cx) 

uniformly on compact sets of p G G, thus 

PKihy) d*h] doy ^ 1 when A —cx . 



Appendix III. Distribution trace formulas 

In this appendix we recall for the convenience of the reader the coordinate free 
treatment of distributions of [GS] and give the details of the transversality 
conditions. 

Given a vector space E over M, dimi? = n, a density is a map, p G \E\, 

( 1 ) p:A^E^C 
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such that p(At)) = |A| p(t>) VAgM, WvEA^E. 

Given a linear map T : E ^ E we let \T\ : |F| — \E\ be the corresponding 
linear map,it depends contravariantly on T. 

Given a manifold M and p G C^{M, \TM\) one has a canonical integral, 

( 2 ) j 

Given a vector bundle L on M one dehnes the generalized sections on M as 
the dual space of C^{M^ L* ® \TM\) 

(3) L) = dual of G“(M, L* ® \TM\) 
where L* is the dual bundle. One has a natural inclusion, 

(4) C°^{M,L) C C-°^{M,L) 


given by the pairing 


(5) 


a G C^{M,L) , s G G \TM\) 


(s,(j) 


where (s, a) is viewed as a density, (s,ct) G C^{M, \TM\). 

One has a similar notion of generalized section with compact support. 

Given a smooth map ip : X ^ Y, then if p is proper, it gives a (contravari¬ 
antly) associated map 


( 6 ) 


:cr(vi) , (^*0(1) = 


where p*{L) is the pull back of the vector bundle L. 

Thus, given a linear form on C^{X, p*{L)) one has a (covariantly) associated 
linear form on G“ (T, L). In particular with L trivial we see that given a 
generalized density p G |T|) one has a pushforward 


(7) 


V^*(p)GG-“(y,|T|) 


with ((p*(p),^) = V^GG“(Af). 

Next, if (p is a hbration and p G G“ (X, |T|) is a density then one can integrate 
p along the hbers, the obtained density on Y, p^{p) is given as in (7) by 


( 8 ) 


{Mp)J) = {p.^*f) v/GG“(y) 
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but the point is that it is not only a generalized section but a smooth section 
ip,{p)eCr{Y,\T\). 

It follows that if / G C~°°{Y) is a generalized function, then one obtains a 
generalized function (p*{f) on X by, 

(9) = {f,^.{p)) Vp e |T|). 

In general,the pullback ip* (/) continues to make sense provided the following 
transversality condition holds, 

(10) dip*{l))^0 yieWFif). 

where WF{f) is the wave front set of / ([GS]). The next point is the con¬ 
struction of the generalized section of a vector bundle L on a manifold X 
associated to a submanifold Z G X and a symbol, 

(11) a e C'“(Z,L® |iV||). 

where Nz is the normal bundle of Z. The construction is the same as that of 
the current of integration on a cycle. Given ^ G G“(X, L* ® |T|), the product 
a^/Z is a density on Z, since it is a section of |T^| = |Tx| G |A^^|.One can thus 
integrate it over Z. When Z = X one has = {0} and \N^\ has a canonical 
section, so that the current associated to a is just given by (5). When Z = pt 
is a single point x E X a generalized section of L given by a dirac distribution 
at X requires not only a vector G but also a dual density, i.e. a volume 
multivector v G \T*\. 

Now \ei p : X with Z a submanifold of Y and a as in (11). 

Let us assume that p is transverse to Z, so that for each x E X with y = 
p{x) E Z one has 

(12) p^,{Tx) YT^[x){Z) =TyY . 

Let 

(13) Tx = {X E Tx , p^f{X) E Ty(Z’)} . 

Then p^ gives a canonical isomorphism, 

(14) (p, : Tx{X)/tx ~ Ty{Y)lTy{Z) = Ny{Z ). 


81 



And (f ^{Z) is a submanifold of X of the same codimension as Z with a 
natural isomorphism of normal bundles 

(15) N^-i^z) - V* Nz . 

In particular, given a (generalized) h-section of a bundle L with support Z 
and symbol cr G C'“(Z’, L ® |A^^|) one has a corresponding symbol on (p~^(Z) 
given by 

(16) (f* a(x) = a((p(x)) e ((f* L),, (g) jN*j 
using the isomorphism (15) i.e. N* ~ 

Now for any h-section associated to Z, a, the wave front set is contained in 
the conormal bundle of the submanifold Z which shows that if if is transverse 
to Z the pull back ip* 5z,a of the distribution on Y associated to Z, a makes 
sense ,it is equal to 

Let us now formulate the Schwartz kernel theorem. One considers a 
continuous linear map, 

(17) T ■.C^{Y)^C-°^{X), 
the statement is that one can write it as 

(18) {TC){x) = j k{x,y)C{y)dy 

where k{x,y) dy is a generalized section, 

(19) keC-^{X xY , pYy{\T\)). 

Let f : X ^ Y he a, smooth map, and T = f* the operator 

(20) {T0{x)=C{f{x)) veeO“(y). 

Let us show that the corresponding k is the h-section associated to the sub¬ 
manifold of X X y given by 

(21) Graph(/) = {(x, f{x)) ; x E X} = Z 
and identify its symbol, a G (^“(y, pr^(|T|) ® |iV^|). 


82 



Given ^ G T*{X), rj G T*{Y) one has (^, ry) G iff it is orthogonal to 
(n, /* v) for any v G Tj;{X), i.e. (n, + (/* v,r]) = 0 so that 

( 22 ) 

Thns one has a canonical isomorphism j : Ty{Y) ~ r] {—ft ?7, v)- The 
transposed {j~^Y is given by {j~^Y{Y) = class of (0, Y) in Nz, VF G Ty{Y). 
Thns, there is a canonical choice of symbol a, 

(23) a = \rY e G“(Z,pr;.(|T|) ® \N*\). 

We denote the corresponding h-distribntion by 

(24) k{x,y)dy = S{y-f{x))dy. 

One then checks the formnla, 

(25) y 5(1/-/(i)) ?(</)<;</= «/(!)) veecDy). 


Let ns now consider a manifold M with a flow Ft 

(26) Ft{x) = exp{tv) X veC°°{M^Tm) 
and the corresponding map /, 

(27) f{x,t)=Ft{x). 

We apply the above discnssion with X = M x M., Y = M. The graph of / is 
the snbmanifold Z of X x Y, 

(28) Z = {{x,t,y) ■ y = Ft{x)} . 

One lets ip be the diagonal map, 

(29) (p(a:, t) — {x,t, x) , p: MxW^XxY 
and the first issne is the transversality p Y\Z. 

We thns need to consider (12) for each {x,t) snch that p{x,t) G Z, i.e. snch 
that X = Ft{x). One looks at the image by p^ of the tangent space M xM. 
to M X M at {x,t). One lets dt be the natnral vector field on M. The image 
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of (X, A dt) is {X, A X) for X E Tx M, A G M. Dividing the tangent space 
of M X R X M by the image of (p* one gets an isomorphism, 

(30) iX,XduY)^Y-X 

with TxM.The tangent space to Z is {{X', ndt, X' + fivp^(^x))'i ^ 
Tx M,n G R}. Thns the transversality condition means that every element of 
Tx M is of the form 

(31) {F't)* X — X -\- fJ^Vx X E Tx M , G R. 

One has 

(32) fx Vx H Vx 

so that (-Ft)* dehnes a qnotient map, the Poincare retnrn map 

(33) P : Tx/'^Vx — ^ Tx/'^Vx = Nx 
and the transversality condition (31) means exactly, 

(34) 1 — P is invertible. 

Let ns make this hypothesis and compnte the symbol a of the distribntion, 

(35) T^ip*{5{y-Ft{x))dy). 

First, as above, let W = = {{x,t) ; Ft{x) — x}. The codimension of 

(p~^(Z) in -M X R is the same as the codimension of Z in .M x R x .M so it 
is dim.M which shows that ip~^{Z) is 1-dimensional. If {x,t) E ip~^{Z) then 
{Fs{x), t) E ip~^{Z). Thns, if we assnme that v does not vanish at x, the map, 

(36) (x, t) t 

is locally constant on the connected component of (p~^(Z) containing {x,t). 
This allows to identify the transverse space to IF = ip~^{Z) as the prodnct, 

(37) ~ X R 

where to {X, Xdt) E Tx^tiM x R) we associate the pair {X, A) given by the 
class of X in Nx = Tx /R Vx and A G R. 
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The symbol a of the distribution (35) is a smooth section of tensored 

by the pull back (p*{L) where L = pry \Tm\, and one has 

(38) (P*(L)~|p*Tm| 
where 

(39) p{x,t) — X V(a:,t)GMxR. 

To compute a one needs the isomorphism, 

(40) ^5 X R X . 

The map (p* : is given by 

(41) ^,{X,\dt) = {l-{Ft),)X-\v XeiV,,, AeM 
and the symbol a is just 

(42) a = \^-^\e\p*TM\®\N^*\. 

This makes sense since : p* Tm —^ NW_ 

Let us now consider the second projection, 

(43) q{x, t) = t G M 

and compute the pushforward ^^(t) of the distribution r. 

By construction 5{y — Ft{x)) dy is a generalized section of pry |T|, so that r 
is a generalized section of p* \T\ = (p* pry \T\. 

Thus (J*(t) is a generalized function. 

We hrst look at the contribution of a periodic orbit, the corresponding part 
of is of the form, 

(44) p-^{Z) = V xT C M xR 

where T is a discrete cocompact subgroup of M, while V G M is a, one dimen¬ 
sional compact submanifold of M. 

To compute i?*(t), we let h{t) \dt\ be a 1-density on M and pull it back by q 
as the section on M x R of the bundle q* |T|, 

(45) ^(x, t) = h{t) \dt\ . 
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We now need to compnte contribntion of 

each component: V x {T}, Ter. 

One gets 


(46) 




Where T^ is the length of the primitive orbit or eqnivalently the covolnme of 
r in R for the Haar measnre \dt\. We can thns write the contribntions of the 
periodic orbits as 

(47) Covol(r) — 1 — h(T). 

Ip T \ T\ 


Where the test fnnction h vanishes at 0. 

The next case to consider is when the vector held Vx has an isolated 0, Vx^ = 0. 
In that case, the transversality condition (31) becomes 


(48) 1 — (Ti)* invertible (at xq) . 

One has Ft{xo) — xq for all t G R and now the relevant component of (p~^(Z) 
is {xq} X R. The transverse space is identihed with Tx and the map 
(p* : ~ is given by: 


(49) 


T* 1 (-^it)* • 


Thns the symbol a is the scalar f un ction |1 — (Ti)*|“^ . The generalized 
section ip*{d{y — Ft{x)) dy) is the fnnction, t —> |1 — (Tt)*|“^. We can thns 
write the contribntion of the zeros of the how as. 



where h is a test f un ction vanishing at 0 . 

We can thns collect the contribntions 47 and 50 as 


(51) 


T 

7 


f 

h(u) 

Jl^ 

1 - (-^it)* 


d*u 


where h is as above, is the isotropy gronp of the periodic orbit 7 , the haar 
measnre d*u on Ij is normalised so that the covolnme of Ij is eqnal to one 
and we still write (T^)* for its restriction to the transverse space of 7 . 
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